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SUMMARY

In this thesis, we discuss applications to imaging, positioning, phase and time estima-
tions in quantum mechanics, which encompass technological implications, practical
scenarios, and foundational problems.

In the first part, we focus on the manipulation of information in terms of images.
We discuss imaging in quantum-mechanical terms, by designing a quantum encoder
that consists of a multiatom lattice sensor that electromagnetically interacts with the
photons diffracted by the object, encoding its two-dimensional shape in the proba-
bilities of a multiqubit quantum state. We introduce a quantum algorithm that can
compress such a state, by reducing the number of encoding qubits without altering
the overall visual pattern, i.e. a lossy compression. This allows to capture, com-
press, and send images even with limited quantum resources for storage and com-
munication, providing an exponential speedup, in terms of gates only, over classical
downsampling algorithms. Finally, we discuss image classification from a completely
different perspective: by processing the information encoded in the spectrum of a
single-photon state, without direct image reconstruction. Using the Hong-Ou-Mandel
effect, we introduce an interferometric pattern recognition method for binary clas-
sification tasks, which shows a constant complexity in the number of computational
operations and photons required by each classification instance. Mathematically, the
response of the apparatus resembles that of a single artificial neuron, which, however,
can classify images bypassing their reconstruction.

In the second part, we take a theoretical perspective on the challenges provided by
characterizing real multiqubit devices. We summarize the notion of quantum chan-
nels as a quantum-mechanical framework for describing noisy processes. In this con-
text, we introduce a tomographic protocol for the reconstruction of multiqubit noise
models, which, using a limited number of experimental resources, can partially char-
acterize channels with an exponential speedup over quantum process tomography.
We discuss a deconvolution method for mitigating the expectation values of noisy
measurements at the output of such channels.

In the last part, we consider the estimation of phase and the measurement of time
in quantum mechanics. First, we present a novel interferometric protocol, which
translates the estimation of an unknown phase into a binary search task. Such a
method can work at arbitrary degrees of accuracy, while undergoing the resource
scaling set by the Heisenberg limit. Second, we analyse the task of predicting the time
at which a particle arrives at a screen, commonly known as the arrival time problem.
We compare the theoretical proposals that attempt to solve this issue, also beyond
the standard quantum theory. Exploring multiple regimes, we characterize under
which conditions such proposals provide different, and experimentally discriminable,
predictions, paving the way for future arrival time experiments.
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INTRODUCTION

We can only see a short distance ahead, but we
can see plenty there that needs to be done.

Alan M. Turing [10]

HISTORICALLY, understanding the quantum mechanical behaviour of matter
and light has contributed to several technological developments, including
semiconductor devices and transistors (without which this draft would have

required a typewriter).
Quantum mechanics continues fostering innovative ideas [11], giving rise to mul-

tiple research fields, which leverage quantum mechanical (or quantum-inspired) ef-
fects to improve or overcome the limitations of our current technological paradigm.
The development of quantum optics has introduced innovative methodologies and
techniques for imaging, e.g. by exploiting classical and quantum correlations to re-
construct the spatial shape of an object without directly looking at it [12, 13], to
enable refocusing capabilities after detection occurred [14–16], or by leveraging in-
terferometric [17–19] and metrological [20–23] strategies to enhance the resolution
capabilities and low-light performances of imaging apparata. Whether they are cap-
tured in a classical or quantum way, images are an example of high-dimensional
data, which may require a great computational effort to be further processed and
manipulated. Quantum computing offers a promising perspective on this matter, al-
lowing to encode and manipulate information with quantum mechanical systems,
such as superconducting devices [24, 25], trapped-ions [26], neutral atoms [27] and
photonic circuits [28]. Quantum algorithms can perform some computational tasks
using fewer resources, outperforming their classical counterparts. From phase esti-
mation [29], database search [30] and integer factorization [31], to linear systems
solution [32] and machine learning [33]: the regimes of applicability of quantum
computers span multiple fields, including image processing [34]. However, noise
and error sensitivity remain one of the main bottlenecks that prevent quantum de-
vices to achieve such desiderata. In recent years, increasing research efforts are being
spent in developing error mitigation, protection, and correction techniques, allow-
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Introduction 15

ing more robust and faithful computations with the available devices [35]. Although
fault-tolerant computing still represents the ultimate challenge, the most recent hard-
ware and error-correcting developments suggest that we are gradually departing the
noisy intermediate-scale quantum era (NISQ) [36], in favour of a logical intermedi-
ate scale (LISQ) [37, 38], in which noise still affects computation outputs but in a
less prominent way, due to the combination of mitigation and correction strategies
[39–43]. Despite the countless number of successes of quantum mechanics, there are
several open problems, which remain unsolved to date. There exists no self-adjoint
operator associated to time, due to the Pauli’s objection [44], i.e. there are no stan-
dard prescriptions for time measurements. Straightforward questions, like asking
when a particle hits a waiting screen [45], cannot just be answered without semi-
classical approximations. This is called the arrival time problem. In this thesis, we
explore the multiple facets of the quantum theory: from technological-oriented and
informational approaches to theoretical and foundational aspects.

Contents This manuscript is organized in three parts, each tackling a distinct aspect
of quantum theory. We start with the applications of quantum mechanics to imaging,
including image capturing, processing and classification, subsequently. Adopting a
closer look at practical issues, we consider the mathematical description and charac-
terization of noisy processes, as well as their mitigation at the experimental output.
Finally, we discuss phase measurements as well as one of the open problems that lies
at the foundations of the theory: time and the description of arrival time measure-
ments.

In Part I, we discuss the problem of capturing, processing, and classifying images
by quantum optical means. In Chapter 1, we briefly review the electromagnetic field
quantization in the Coulomb gauge, introducing the framework of quantum states
and optical operations. We specialize to a conventional imaging setup, consisting
of four parts: a photon source, an object, a linear optical system, and a spatial-
resolving detector. We explicitly discuss such apparatus in quantum optical terms,
for both single-photon and multimode coherent sources. Then, we fully quantize
the above setup, by substituting the conventional photodetector with a multiatom
lattice sensor, modelled as a multiqubit quantum register [1]. At each acquisition,
the register electromagnetically interacts with the photons reflected by the object,
by means of the multimode and multiatom Jaynes-Cummings Hamiltonian. This en-
codes the visual information contained in the spatial modes of light, i.e. the intensity
of light reflected by the object, into the probabilities of a multiqubit quantum state,
to be retrieved or stored for further quantum computational processing. In Chap-
ter 2, we analyse the problem of processing an image encoded in the probabilities
of such a state, either prepared on the quantum devices or encoded according to the
above procedure. We specialize to image downsampling, namely the task of reducing
the number of encoding pixels by quantum computational means, while preserving
the original visual pattern. We present an algorithm that uses the quantum Fourier
transform to discard the most significant qubits of the register, thus filtering the high
spatial-frequency components of the image [1]. Inverting the Fourier transform com-
presses the original pattern in a register of fewer qubits. In terms of operations, this
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algorithm achieves an exponential speedup over classical interpolation-based coun-
terparts. In practice, measurement and image retrieval can reduce this speedup, due
to the amount of statistics required to reconstruct the pattern. After analysing the
trade-off between the number of encoding and discarded resources, we show that a
residual advantage is still present, which exponentially increases with the size of the
input register, i.e. when downsampling high-resolution data. In Chapter 3, we anal-
yse imaging from an unfamiliar perspective: by removing images from the overall
paradigm. We discuss a two-mode interferometric setup to classify objects without
reconstructing their patterns [2], using, instead, only two photons to assess the spec-
tral distinguishability between the input and a reference state, which contains the
necessary features for discriminability. Classification is achieved through the Hong-
Ou-Mandel effect, by looking at the probability that the photons exit the interferom-
eter in different modes, i.e. that they produce a coincidence event. Mathematically,
this scheme corresponds to (the analog version of) a classical artificial neuron, i.e.
it is a quantum optical neuron. By analytically comparing the resources needed, we
show that our method requires constant computational operations and injected pho-
tons, whereas the classical methods depend linearly on the image resolution, which
is a superexponential speedup.

In Part II, we discuss multiqubit operations and measurements taken on systems
that interact with their surrounding environment. In Chapter 4, we briefly sum-
marize the framework of quantum channels, which generalizes the dynamical de-
scription provided by unitary operations to open quantum systems. We consider the
characterization of such processes, by specializing to their Pauli transfer matrix rep-
resentation. Channels are usually identified through quantum process tomography,
by correlating a complete set of input states to a complete set of measurements at the
output. Such correlations require multiple independent experiments to extract even
a single Pauli transfer matrix element. We introduce a tomographic protocol that uses
a specific class of input states, for which the set of Pauli measurements, performed at
the output of the channel, directly relate to its Pauli transfer matrix components [3].
Although equivalent to standard quantum process tomography for complete channel
reconstructions, we show that our method requires exponentially fewer experiments
than that for a single matrix element characterization, under the same number of
experimental repetitions. In Chapter 5, we consider the task of obtaining noiseless
expectation values of noisy observables at the output of multiqubit quantum chan-
nels. We introduce a noise deconvolution technique, namely a tomographic recon-
struction that acts like a postprocessing operation on the noisy measurement [4]. For
Pauli channels, our method shows a quadratic speedup, providing the deconvolution
from a set of Pauli measurements rescaled by a few components of the Pauli transfer
matrix of the channel, bypassing the full process tomography and inversion of the
noise map.

In Part III, we discuss the problem of estimating an unknown phase and the de-
scription of arrival time measurements. In Chapter 6, we present a global phase
estimation protocol designed as a sequence of interferometric iterations, each pro-
viding one bit of the binary expansion of an unknown phase [5]. The protocol is
optically implemented and specifically designed to reproduce square wave response
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functions with different periods. This translates the estimation problem into a bi-
nary search task, allowing the reconstruction of the unknown phase at arbitrary ac-
curacy. In contrast to conventional parallel and sequential strategies, our method
reaches the Heisenberg bound independently of statistics, and not only asymptoti-
cally. Moreover, it does not rely on feedforward propagation: the protocol can be
started, stopped, and restored at any level of accuracy, e.g. to improve the resolution
of a previous estimation, or to leverage prior information about the first digits of the
desired expansion. In Chapter 7, we discuss the problem of time measurements in
quantum mechanics. Unlike position and momentum, time is not associated with
any self-adjoint operator: it is not an observable. For this reason, simple questions,
like predicting at what time a particle is most likely to reach a detector, cannot be
answered using textbook quantum theory. This is called the arrival time problem.
We review and compare the theoretical proposals that try to solve this issue. We
identify multiple quantum regimes where different proposals give inequivalent and
experimentally discriminable predictions [6], by considering different superpositions
of Gaussian wave packets that travel towards the detector in different kinematic con-
figurations. Our results show that multiple discrepancies appear in strongly quantum
regimes, namely when the packets interfere at the detector in the time domain. Fi-
nally, we consider an explicit example, where a superposition of packets is obtained
by applying Bragg diffraction to a Bose-Einstein condensate trapped in an accelerator
ring. We discuss the feasibility of a hypothetical experiment involving this scenario.

This thesis presents the results of my PhD, during which I explored multiple inter-
disciplinary lines of research. Future developments are discussed in the conclusions
section.



PART I

QUANTUM IMAGING AND IMAGE
PROCESSING
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CHAPTER 1

QUANTUM IMAGING

The transistor worked with the sense of sound
while the CCD worked with the sense of sight.

James M. Early by Willard S. Boyle [46]

DIGITAL IMAGES represent the visual information of one, or more, objects. Math-
ematically, they are described by matrices of elements called pixels, obtained
at the output of an imaging apparatus. Usually, this consists of a source of

light that emits a stream of photons towards the object. A sequence of lenses and
optical devices focus the diffracted light on a two-dimensional plane, called image
plane. A semiconductor detector, such as a charge-coupled device (CCD) [47], col-
lects the photons and assigns a set of numerical values to a grid, depending on the
light intensity measured at each point. Electronic processing provides the image as
a collection of bitstrings, ready for storage or further manipulation by standard com-
putational means.

In this chapter, we review the basic notions of wave optics and imaging, from
a quantum-mechanical perspective. We consider a conventional imaging scenario,
which differs from the classical one only in the choice of radiation states. In this
framework, the shape of the object is encoded in the spatial modes of light, fed
through an arbitrary lens system, and subsequently detected by a CCD. We first con-
sider images obtained with single-photon states. Then, we generalize our treatment
to multimode coherent states, i.e. the case of imaging with a classical source of light.
After introducing the above formalism, we fully quantize the process of image captur-
ing, by designing a multiatom lattice sensor that electromagnetically interacts with
the photons, transferring the spatial pattern of the object from the optical image plane
to the probabilities of a multiqubit quantum register. This method paves the way to
the next chapter, which discusses the quantum compression of the spatial information
captured here (although independently of this hardware implementation).

19
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1.1 Preliminaries of quantum optics

In this section, we briefly summarize the quantization of the electromagnetic field,
setting up the notation and the formalism. Readers familiar with basic notions of
quantum optics and field theory, can skip to Section 1.2. Classical electrodynamics is
described by the Maxwell’s equations, which, in absence of sources and media, read

∇ · E= 0 ,

∇× E= −∂tB ,

∇ ·B= 0 ,

∇×B= ∂tE ,

(1.1)

where we adopted units in which c = 1 [48]. Here, E and B denote the electric and
magnetic fields, respectively. We introduce the potentials A and V , such that

B=∇×A ,

E= −∇V − ∂tA .
(1.2)

By exploiting the freedom in the choice of the potentials, we impose the Coulomb’s
gauge-fixing condition, namely∇·A= 0. In this case, the Maxwell’s equations reduce
to the wave equations, which read

□A(r, t) = 0 , (1.3)

where □ := ∇2 − ∂ 2
t denotes the d’Alembert operator, with Cartesian coordinates

r= (x , y, z) and∇= (∂x ,∂y ,∂z). Consider the plane wave expansion of the potential,
that is

A(r, t) =

∫

dω

∫

d3k
∑

s

exp (−iωt)exp (ik · r)Usω (k)es(k) , (1.4)

with wave vector k = (kx , ky , kz) and ω denoting the frequency associated with the
temporal degree of freedom. Here, s ∈ {0,1} labels the two orthogonal independent
polarizations of light, for which the gauge-fixing condition reads k · es(k) = 0. We
temporarily neglect the polarizations degrees of freedom, which do not play any role
in the computations below. In other words, we restrict to scalar waves A(r, t), i.e. to
the case of the real Klein-Gordon field. By substitution of Eq. (1.4) in the (scalar)
wave equation, we obtain the dispersion relation

ω2 = |k|2 , (1.5)

which identifies the solutions of the wave equation in the energy-momentum space.
We impose this constraint directly on the plane wave expansion, i.e. restricting to
dynamical configurations on the lightcone hypersurface C. In practice, we do this by
restricting the integration to

∫

dω

∫

d3k fω(k)δ(ω
2 − |k|2) =
∫

C
d3k fω(k) , (1.6)
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with fω(k) a generic solution and ω=ω(k). Then, Eq. (1.4) reads

A(r, t) =

∫

C
d3k exp (−iωt) (ik · r)Uω(k) . (1.7)

This expression contains two contributions, which correspond to the positive (upper)
and negative (lower) energy half-lightcones, denoted C+ and C−, i.e. the positive and
negative frequencies solutions of the dispersion relation, for which ω = |k| > 0 and
ω= −|k|< 0, respectively. Hence

A(r, t) =

∫

C+
d3k exp (−iωt)exp (ik · r)Uω(k)

+

∫

C−
d3k exp (−iωt)exp (ik · r)Uω(k) .

(1.8)

Mapping the second integral from the lower to the upper lightcone, i.e. through the
substitution ω→−ω, gives

A(r, t) =

∫

C+
d3k
�

aω(k)exp [−i(ωt − k · r)] + bω(k)exp [i(ωt + k · r)]
	

,

with aω(k) = U|k|(k) and bω(k) = U−|k|(k) .

(1.9)

The conjugated field reads

A∗ (r, t) =

∫

C+
d3k
�

a∗
ω
(k)exp [i(ωt − k · r)] + b∗

ω
(k)exp [−i(ωt + k · r)]

	

. (1.10)

For a real field A= A∗. Combining this condition with the substitution k→−k yields

bω(k) = a∗
ω
(−k) . (1.11)

By substituting this condition in Eq. (1.9), followed by another change of variable
k→−k, we finally get

A (r, t) =

∫

C+
d3k
∑

s

asω(k)es(k)exp [i(−ωt + k · r)] +H.c. , (1.12)

where we have restored the polarization subscript. From Eq. (1.2), the mode expan-
sion of the electric and magnetic fields reads

E (r, t) = i

∫

C+
d3k |k|
∑

s

asω(k)es(k)exp [i(−ωt + k · r)] +H.c. , (1.13)

B (r, t) = i

∫

C+
d3k
∑

s

asω(k) [k× es(k)]exp [i(−ωt + k · r)] +H.c. . (1.14)

Consider a cavity of finite volume, in which the electromagnetic field is confined.
Under the above expansion, the total energy of the field is given by the sum of the
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energies of infinitely many independent harmonic oscillators, each vibrating with fre-
quency ω(k) ∀k. By imposing the commutation relations on the canonical variables
associated with each mode, the quantization of the field is obtained by promoting
the coefficients of the mode expansion to creation and annihilation operators, which
obey

[as(k), as′(k’)] = 0 , [a†
s (k), a†

s′(k’)] = 0 , (1.15)

[as(k), a†
s′(k’)] = δss′δ(k− k’) , (1.16)

where we adopted units in which ħh = 1 [49, 50]. Indeed, as(k) and a†
s (k) act as

operators on the Fock space

F =
+∞
⊕

p=1

H⊗p , (1.17)

such that

as(k) : H⊗p→H⊗p−1 , (1.18)

a†
s (k) : H⊗p→H⊗p+1 . (1.19)

Here, H denotes the Hilbert space generated by the single-photon states, and p ∈
{0,1, 2, . . .} the number of photons in each subspace. From now on, we consider only
modes described by the operators a(k) and a†(k), i.e. after implicitly summing over
the polarization degrees of freedom. There exist several other strategies to quantize
the electromagnetic field, besides the harmonic oscillator decomposition. For exam-
ple, one can use the optical transfer function [51]. In the Lagrangian formalism, the
quantization is achieved by imposing the commutation relation directly on the field
and its conjugate momentum [52, 53]. Alternatively, the quantization can be per-
formed by purely algebraic means, bypassing the mode expansion of the field, and
imposing the canonical commutation relations on the causal propagator generated by
the fundamental solutions of the wave equation [54], thus encoding the symplectic
structure of the classical theory [55]. This framework is consistent with the Gelfand-
Naimark-Segal representation theorem , and it can also be generalized to curved
spacetimes [56, 57]. Departing from the Coulomb gauge brings further difficulties,
which can be treated by removing the contribution of timelike and longitudinal pho-
tons, e.g. using the Gupta-Bleuler condition [58] or through the Fadeev-Popov trick
[59].

1.2 States of light

In the Fock space, pure states of light are described in terms of the eigenstates of the
continuous number operator |p〉k, also called number states. Namely

|Ψ〉=
∑

p

cp

�

A†(Ψ)
�⊗p
|0〉 ,

with A†(Ψ) =

∫

d3k Ψ̂(k)a†
ω
(k) ,

(1.20)
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where a†(k) |p〉k =
p

p+ 1 |p+ 1〉k and a(k) |p〉k =
p

p |p− 1〉k. Here, Ψ describes
the spatial spectrum of the multimode field and A†(Ψ) the multimode creation oper-
ator. From now on, |0〉 identifies the vacuum state, with the hat operator denoting
the Fourier transform. Mathematically, Eq. (1.20) represents a weighted expansion
in the (multimode) number states

�

A†(Ψ)
�⊗p
|0〉, with amplitudes cp that fulfil the

normalization condition
∑

p |cp|2 = 1. Equivalently, such expansion can be rewritten
in terms of a generic map Λ, such that

|Ψ〉= Λ
�

A†(Ψ)
�

|0〉 . (1.21)

When Λ is the identity, this expression identifies a single-photon state. When Λ is the
multimode displacement operator

Λ
�

A†(Ψ)
�

= exp
�

αA†(Ψ)−α∗A(Ψ)
�

, (1.22)

Eq. (1.21) describes a multimode coherent state with amplitude α. If Ψ̂(k) = δ(k−
k’), i.e. when the coherent spectrum contains only one mode, such expression re-
duces to the Glauber prescription

|α〉= exp
�

−
1
2
|α|2
�

∑

p

αp

p

p!
|p〉k’ , (1.23)

with |α|2 the intensity of the field [60]. Equivalently, the same expression can be
directly obtained from the Fock representation, assuming a single-mode spectrum,
i.e. A→ a, and

cp = exp
�

−
1
2
|α|2
�

αp

p

p!
. (1.24)

In this case, the probability of measuring a state with p photons is described by the
Poisson distribution. Eq. (1.21) does not include thermal states, which can be rep-
resented as a statistical mixture of number states, with the thermal distribution as
normal-ordered two-point function [61].

1.3 Transfer functions

We introduce transfer functions, a mathematical description of linear optical opera-
tions that preserve the photon count on the Fock space. Examples include free-space
propagation, beam splitters, lenses and phase transformations. In the Schrödinger
picture, the evolution of a Fock state, against a unitary operator U , reads

|Ψ〉 → UΛ
�

A†(Ψ)
�

|0〉 . (1.25)

Consider operations that preserve the number of photons, namely that U |p〉k = |p〉k,
up to a phase factor. Under such evolution, the vacuum state is invariant, i.e. U |0〉=
|0〉. By substitution in Eq. (1.20), this yields

U |Ψ〉= Λ
�

UA†(Ψ)U†
�

|0〉 . (1.26)
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In particular, the multimode creation operator undergoes

UA†(Ψ)U† =

∫

d3k Ψ̂(k)L̂(k)a†
ω
(k)

with Ua†
ω
(k)U† = L̂(k)a†

ω
(k) .

(1.27)

We call L transfer function. For example, consider a single-photon state with spec-
trum Φ. Its evolution against a linear optical system, with transfer function L, reads

|Φ〉 → U |Φ〉=
∫

d3k Φ̂(k)L̂(k)a†
ω
(k) |0〉 , (1.28)

This state can be written in the spatial domain, by applying the convolution theorem,
which yields

U |Φ〉=
∫

d3r [Φ ∗L] (r)a†
ω
(r) |0〉 ,

with a†
ω
(r) =

∫

d3k a†
ω
(k)exp (−ik · r) ,

(1.29)

where ∗ denotes the convolution operation. Below, we adopt this framework to rep-
resent the spatial transformation of light that passes through a sequence of linear
optical transformations, such as an imaging apparatus.

1.4 Quantum imaging

Consider a generic single-photon state, generated by a monochromatic source with
longitudinal position z

|Φ〉=
∫

d3k Φ̂(k)a†
ω
(k) |0〉 , (1.30)

where Φ is spatial spectrum and k = (kx , ky , kz) the wave vector. We neglect the
polarization of the photon and consider the single-frequency-mode assumption [60],
i.e. we assume that the wavefront propagates along positive z-directions only. Then,
k = (kx , ky) represents the sole independent degrees of freedom of the single-photon
state, which reads

|Φ〉=
∫

d2k φ̂ω(k)a
†
ω
(k) |0〉 . (1.31)

In the spatial domain this equivalently yields

|Φ〉=
∫

S

d2r φω(r)a
†
ω
(r) |0〉 , (1.32)

where
φ̂ω(k) = Φ̂
�

kx , ky ,
q

ω2 − k2
x − k2

y

�

, (1.33)

and r = (rx , ry) labels the transverse coordinates on the source plane S. Suppose that
the source is placed at the longitudinal origin z = 0. Consider an object with two-
dimensional shape O, placed at longitudinal position zo. After free-space propagation
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Object Plane

Sensor

Linear Optical
System

Source

Image Plane

Figure 1.1: Representation of a digital imaging system. A source emits a shower of
photons towards the object, which acts as an amplitude-modulating mask. A linear
optical system focuses the incoming light, forming a real image on a two-dimensional
plane, i.e. the image plane. Here, the photons are collected by a sensor, which pro-
duces the image as an ensemble of pixels, whose values depend on the brightness,
i.e. the light intensity, observed at each point. In this chapter, we replace the con-
ventional sensor with a multiatom lattice device. At its output, the fingerprint of the
object is encoded in the probabilities of a multiqubit register.

occurs, the single-photon spectrum undergoes spatial amplitude modulation [62],
that is

Ψin(r)→O(r)Ψin(r) , (1.34)

where Ψin(r) is the input wavefront emitted by the source and propagate to the object
plane O. Explicitly, the output reads

|O〉=
∫

O

d2r
�

φω ∗Hzo

�

(r)O(r)a†
ω
(r) |0〉 , (1.35)

where Hzo
denotes the free-space transfer function between the S and O planes, and

∗ the convolution operation. Using twice the convolution theorem, it follows that

|O〉=
∫

d2k
��

φ̂ωHzo

�

∗ Ô
�

(k)a†
ω
(k) |0〉 . (1.36)

Consider an arbitrary, linear optical system with transfer function L, with image plane
at longitudinal position zi. Using Eq. (1.28), which reads

Ψ̂in(k)→ L̂d(k)Ψ̂in(k) ,

with d = zi − zo ,
(1.37)

the state on the image plane becomes

|Ψ〉=
∫

d2k Ψ̂(k)a†
ω
(k) |0〉 ,

with Ψ̂ =
��

φ̂ωHzo

�

∗ Ô
�

L̂d .

(1.38)
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This state encodes the image as it would be observed by placing a screen at distance
d from the object, after gathering enough statistics. In the spatial domain, it reads

Ψ =
��

φω ∗Hzo

�

O
�

∗Ld , (1.39)

Similarly, the single-photon state can be substituted with a multimode coherent state,
with intensity |α|2. Namely

|Ψα〉= D(α,Ψ) |0〉 . (1.40)

In this case

D(α,Ψ) = exp
�

αA†(Ψ)−α∗A(Ψ)
�

, (1.41)

A†(Ψ) =

∫

d2k Ψ̂(k)a†
ω
(k) , (1.42)

are the multimode displacement operator and multimode creation operator on the
transverse plain, respectively, and Ψ is the multimode spatial spectrum obtained at
the image plane, given by Eq. (1.39). We summarize this setup in Fig. 1.1. The above
discussion holds in the monochromatic case only, i.e. for grayscale images. Colours
can be included by either dropping the single-frequency-mode assumption, namely
through a more complex description of diffraction as well as a color-sensitive detec-
tion, or by repeating the procedure of Fig. 1.1 multiple times, each with a different
red, green, and blue (RGB) filter placed after the source.

1.5 Quantum camera in the Tavis-Cummings model

We show how to capture the image into a multiqubit register, by designing a mul-
tiatom lattice sensor, i.e. a collection of atoms that interact with the multimode
coherent input state, whose spatial arrangement mimics that of a CCD. Consider a
lattice made of N identical atoms, with evenly-spaced energy levels and position la-
belled by (m, n). Each atom is modelled as a two-level system, i.e. a qubit with
computational basis {|0〉mn , |1〉mn}. The lattice is initialized in the vacuum state

|b〉=
⊗

mn

|0〉mn , (1.43)

which represents a black image, with each qubit in the ground state. We model the
interaction between the lattice and the electromagnetic field using a multimode and
multiatom Jaynes-Cummings Hamiltonian [63–65], also known as multimode Tavis-
Cummings model [66]. In the resonant rotating wave approximation [49], the free
Hamiltonian reads

HF =
1
2

∑

mn

ω0σ
(3)
mn +

∫

d2k ω(k)a+
ω
(k)aω(k) , (1.44)

while the interaction Hamiltonian yields

HI =

∫

d2k
∑

mn

γ∗mn(k)aω(k)σ
+
mn + H.c. , (1.45)



Chapter 1. Quantum imaging 27

with

σ+mn = |1〉mn〈0| , σ−mn = |0〉mn〈1| , (1.46)

σ(3)mn = |1〉mn〈1| − |0〉mn〈0| . (1.47)

Here, γmn is the Fourier transform of gmn, which describes the coupling between the
coherent photons and the qubit located at (m, n). We assume that gmn is compactly
supported ∀m, n and that supp(gmn)∩ supp(gm′n′) ≃ 0. The total Hamiltonian reads
H = HF + λHI , where λ is an additional perturbative parameter. We describe the
evolution of the system. Consider a shutter that initially prevents the photons from
interacting with the qubits. The bipartite light-sensor initial state reads

|i〉= |Ψα〉 ⊗ |b〉 . (1.48)

When the shutter opens, each photon releases energy in the sensor, exciting one of
the qubits as |0〉mn → |1〉mn. Since [HF , HI] = 0, the dynamics is completely driven
by the unitary operators generated by HI , so that

Ut = 1+ i tλHI +O(λ2) . (1.49)

The output state reads

| f 〉= Ut |i〉= |Ψα〉 ⊗ |b〉+ i tλHI |i〉+O(λ2) . (1.50)

Intuitively, a single interaction may give no excitation, a single excitation, or multiple
qubits excitations, described by the following contributions to the final state:

c0
0 |b〉+ c1

0 |0 . . . 001〉+ c1
1 |0 . . . 010〉+ . . .

+c1
N−1 |10 . . . 00〉+ c2

0 |0 . . . 011〉+ . . .
(1.51)

We neglect the vacuum contribution in post-selection, by discarding all the completely-
black images reconstructed at the output. Then, the leading order contribution be-
comes dominant and the evolution is solely controlled by the interaction terms

| f 〉 ≃ i tλ

∫

d2k
∑

mn

γ∗mn(k)aω(k)σ
+
mn |Ψα〉 ⊗ |b〉 , (1.52)

where the Hermitian conjugate is annihilated by |b〉. The multimode coherent state
satisfies

D(α,Ψ) |0〉 ≃
∏

k

exp
�

Ψ̂(k)a†
ω
(k) + H.c.
�

, (1.53)

which implies that
aω(k) |Ψα〉= αΨ̂(k) |Ψα〉 . (1.54)

A projection on the coherent state gives |Ω〉= 〈Ψα | f 〉. Substituting the Fourier trans-
form of Ψ and g∗mn yields

|Ω〉= i tλα
∑

mn

∫

d2r Ψ(r)g∗mn(r)σ
+
mn |b〉 . (1.55)
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Figure 1.2: Qualitative comparison between the spectral amplitude Ψ and the mul-
tiqubit quantum state |Ω〉, encoded using the multimode and multiatom Jaynes-
Cummings Hamiltonian. Quantitative compatibility is inferred from Eq. (1.56). (a)
Contour plot of |Ψ|2, with parameters x0 = −y1 = 1.5, y0 = −x1 = 2, α0 = β1 = 0.35,
α1 = β0 = 1. (b) Probabilities of |Ω〉, plotted as a grayscale image, with m, n =
0,1, . . . , 255. Figure adapted from [1].

Here, the interaction term gmn(r) acts as a spatial transfer function that discretizes
the image in supp (gmn), encoding the light intensity in the probability amplitude of
the corresponding qubit to occupy the higher energy level state. Each qubit identifies
the spatial region supp(gmn), i.e. a pixel with position rmn = (xm, yn), over which the
multimode coherent spectrum is approximated by the average

Ψ(rmn)→
∫

d2r Ψ(r)g∗mn(r) . (1.56)

Such identification is exact for gmn(r) = δ(r− rmn), ideally for a camera with perfect
spatial resolution.

1.6 Example with Gaussian packets

In this section, we compare the probabilities encoded from a superposition of two
Gaussian packets. We consider the multimode coherent spatial spectrum

Ψ(x , y) = K
1
∑

i=0

exp
�

−αi(x − x i)
2 − βi(y − yi)

2
�

, (1.57)

and normalization constant K . The sensor is an evenly-spaced lattice of identical
two-level systems, with spatial coupling functions

gmn(x , y) = exp
�

−5(x − xm)
2 − 5(y − yn)

2
�

(1.58)
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and coordinates (xm, yn) ∈ [−4,4]× [−4,4]. Fig. 1.2 compares the numerical evalu-
ation of Eq. (1.55) with the (theoretical) probability density |Ψ|2. Qualitatively, the
data correctly reproduces the pattern of |Ψ|2, but discretized over the chosen lattice.

1.7 Discussion

In this chapter, we introduced the basic notions and formalism of quantum optics and
quantum imaging. In this framework, we showed how to encode the output of an
imaging system into a multiqubit state, using a multiatom lattice sensor. Modelled
by the Jaynes-Cummings Hamiltonian, we designed a hardware encoder that maps
the light intensity at each lattice location to the probability amplitude of the corre-
sponding qubit of being excited by a single-photon interaction. Its output represents
the image using a sub-optimal encoding, with contributions of the form

⊗

m′ ̸=m
n′ ̸=n

|0〉m′n′ ⊗ |1〉mn ∀m, n . (1.59)

We can further optimize this representation by appending a one-hot to binary con-
verter [67, 68], which uses a combination of CNOTs operation to re-encode the image
in n0 = log2(N) qubits. Notice that this is a first lossless compression, from one-hot
(or unary) to binary encoding, which consists in reassigning the probabilities of |Ω〉
to a smaller, but optimally occupied, register. After this operation, we get

|Ω〉 → |Ψ〉0 =
∑

j

w j | j〉0 . (1.60)

This conversion requires O(N) operations, which is the same readout cost of the CCD
bidirectional shift registers.



CHAPTER 2

QUANTUM DOWNSAMPLING

If your pictures aren’t good enough,
you aren’t close enough.

Robert Capa

QUANTUM IMAGE PROCESSING seeks to encode, manipulate, and retrieve visual
information in a quantum-mechanical way. Historically, the quantum rep-
resentation of images has been introduced under a pure classical analogy,

by means of a bijective identification between pixels and qubits [69]. Alternative
strategies have been considered so far, which provide better encoding and process-
ing capabilities [34, 70–72]. For example, images can be represented as bipartite
states, where each pixel has value described by a single-qubit rotation, and position
encoded in the bitstrings of a multiqubit register [73]. When the basis elements
also encode the binary expansion of the pixel value, such representation provides a
deterministic image retrieval [74]. Images can also be vectorized and encoded as
multiqubit quantum states, by identifying each pixel value with the probability of
observing one of the computational basis eigenstates. This approach is connected to
the amplitude encoding technique, commonly employed in quantum machine learn-
ing [75], and requires fewer resources than the other ones, i.e. log2(N) qubits for
N pixels [76]. Importantly, it is fully compatible with the output of the hardware
encoder introduced in the previous chapter.

Formerly, we discussed how to achieve a quantum image representation in an op-
tical way, bypassing quantum state preparation techniques while occupying the entire
configuration space of the system. In this chapter, we discuss how to compress such
images, reducing the size of the encoding register by quantum computational means.
In classical image processing, compression and downsampling algorithms can reduce
the cost for data storage and transmission, while preserving the original visual pat-
tern [77]. An example is the joint photographic expert group (JPEG) algorithm [78],

30
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which operates in the spatial-frequency domain. This algorithm divides the input
image into smaller subimages, taking the discrete cosine transform of each element.
The high spatial frequencies are removed, reducing the amount of information stored
at the cost of the quality of the output image, i.e. a lossy compression. Similarly, we
introduce a lossy downsampling algorithm that uses the quantum Fourier transform
(QFT) to discard the most significant qubits in the input register, thus filtering the
high spatial-frequency (low probability) components of the image. The compressed
register is mapped back to the computational basis, now encoding an image with
reduced number of pixels, leaving the original pattern visually unaffected. This op-
eration is schematically represented in Fig. 2.1. In terms of pure operations, our
algorithm provides an exponential advantage over its classical counterpart. When
statistics and image retrieval are considered, we show that an advantage remains,
depending on the trade-off between the input and the output resolutions.

This chapter is built upon the results of [1]. The underlying code that generated the
data for this study is openly available in GitHub [79].

q00 q01

q10 q11

p0000 p0001 p0010 p0011

p0100 p0101 p0110 p0111

p1000 p1001 p1010 p1011

p1100 p1101 p1110 p1111

Figure 2.1: Downsampling of 4×4 image to a 2×2 resolution. The input
data are encoded in the probabilities of a 4-qubit state. At the output,
the compressed image is retrieved from at 2-qubit state.



Chapter 2. Quantum downsampling 32

2.1 Amplitude encoding

We mathematically discuss the encoding. Consider a digital grayscale image of an
object, namely a matrix of N pixels. Each pixel is associated with a finite and discrete
quantity called gray value, representing its brightness as a result of the object trans-
missivity. Classically, each value is encoded in a string of c bits, with a total number
of L = 2c gray levels of the image. From a quantum-mechanical point of view, we
encode the image in quantum state of n0 qubits, that is

|Ψ〉0 =
∑

j

q

V (I ) j | j〉0 , (2.1)

where | j〉0 labels the computational basis elements on the Hilbert space, with j ∈
{0, . . . , 2n0 − 1} and I the (classical) digital image. We specialize to square images
only, although the following discussion can be generalized to multidimensional arrays
of arbitrary shape [7]. From now on, states and operations with subscript 0 are
referred to the n0-qubit register. In Eq. (2.1), V is a row-wise vectorization operations
that maps matrices to column vectors, namely

V (I ) = [I00,I01, . . .]T . (2.2)

The choice of the vectorization path is conventional, as long as it is respected through-
out the algorithm. This representation encodes the gray values of N pixels in the
probabilities of n0 = log2(N) qubits, normalized by rescaling the whole image to its
total brightness. This strategy yields a first lossless exponential compression of the
image: from N pixels to n0 qubits, which can be optically achieved by feeding the out-
put of the Tavis–Cummings hardware to a one-hot to binary converter, as discussed
in the previous chapter. Alternatively, the amplitude encoding can be computation-
ally achieved by means of the Grover-Rudolph technique [80]. The algorithm works
by bisecting the state preparation scheme. At each step, it appends a qubit to the
register and applies a controlled rotation, doubling the number of available configu-
rations and distributing the target amplitudes. Thus, any probability distribution that
is efficiently integrable on N bins, can be prepared using log2(N) controlled rotations
[81].

2.2 Quantum downsampling

We introduce a quantum algorithm for image downsampling. After the encoding and
a QFT, it traces out the qubits that correspond to the high spatial-frequency compo-
nents of the image, reducing its resolution while preserving the original pattern. Back
to the computational basis, the image is compressed to a register of fewer qubits. The
QFT operates on the n0-qubit register as [82]

UQFT0
| j〉0 =

1
p

N

∑

k

exp(2πi jk/N) |k〉0 . (2.3)

Consider the n1-qubit subregister made only of the first n1 = n0−ñ qubits of the initial
one, and let |m〉1 label the elements of its computational basis, with m ∈ {0, . . . , 2n1−
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1}. Then | j〉0 = |l〉ñ⊗ |m〉1, with |l〉ñ defined on the ñ-qubit register. On the n1-qubit
subregister, the QFT operates as

(1⊗ U†
QFT1
) | j〉0 = |l〉ñ ⊗ U†

QFT1
|m〉1 . (2.4)

After choosing ñ, the following algorithm downsamples the image |Ψ〉0 from the n0-
qubit register to the n2-qubit register, reducing the number of encoding qubits from n0

to n2 = n0−2ñ. The number of pixels of the output image is N/22ñ. In the following,
we adopt the little-endian ordering, with the least significant qubit placed on the top
of the register and labelled by q = 0, with 0 ≤ q ≤ m− 1 and m ∈ {n0, n1, n2}. For
example, consider the 3-qubit state |abc〉 = |a〉 ⊗ |b〉 ⊗ |c〉, with a, b, c = 0, 1. The
little-endian ordering interprets a as the most significant qubit in the register, which,
according to the above notation, is labelled by q = 3. We define

H =
1
p

2

�

1 1
1 −1

�

, (2.5)

the single-qubit Hadamard gate.

Algorithm 2.1 Quantum downsampling

Input: Input image |Ψ〉0, integer ñ< n0/2
Output: Downsampled image

1: apply H⊗n0 ▷ n0-qubit register
2: apply UQFT0

3: for q in n0-qubit register do
4: if n0 − ñ≤ q ≤ n0 − 1 then
5: discard the qth qubit ▷ Rule 1 (n0→ n1)
6: apply U†

QFT1
▷ n1-qubit register

7: for q in n1-qubit register do
8: if n0/2− ñ≤ q ≤ n0/2− 1 then
9: discard the qth qubit ▷ Rule 2 (n1→ n2)

10: apply H⊗n2 ▷ n2-qubit register

The algorithm operates as follows. After applying the Hadamard gates H⊗n0 , take a
QFT on the register in which |Ψ〉0 is initially encoded. Discard (or simply ignore) the
first ñ most significant qubits from the bottom of the register, which means averag-
ing out the low-probability frequency components of the original image. We call this
Rule 1. Take the QFT†. Up to this step, the image resolution is reduced by a factor 2ñ

along only one of its axes. After the QFT†, discard the last ñ positions of the first half
of the initial register, which contain redundant information, then take the Hadamard
gates H⊗n2 . As we show below, a measurement on the output state ρ2 yields an
image of N/22ñ pixels, conformally downscaled along both its axes. There are differ-
ent implementations of this protocol, which can achieve the Fourier compression on
both the image axes, simultaneously [7]. Qualitatively, these generalizations produce
compatible results, noticeably optimizing the complexity of the whole algorithm. We
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Figure 2.2: Quantum image downsampling to a register of fewer qubits. An image
of N pixels is initially encoded in the probabilities of the n0-qubit state |Ψ〉0. The
most significant qubit is placed at the bottom of the register. Take the QFT. Apply
Rule 1, i.e. chosen an integer ñ < n0/2, take a QFT† on the first n0 − ñ qubits, and
discard the others. Rule 2 follows, i.e. discard the same number of qubits from the
n1-qubit register, whose positions correspond to the last ñ qubits of the first half of
the n0-register. The number of pixels is reduced by a factor 22ñ. Figure adapted from
[1].

report the circuit implementation of Algorithm 2.1 in Fig. 2.2. Finally, we remark that
the downsampling algorithm works independently of the presence of the Hadamard
gates. As we also show in the next sections, their use improves the quality of the out-
put, reducing the statistical fluctuations at each pixel while preserving the original
image contrast.

2.2.1 Example of a discarding pattern

As an example of Rules 1 and 2, consider a 512 × 512 image encoded in an 18-
qubit register, with qubits labelled by the list [0,1, . . . , 17]. Suppose that ñ= 4. The
discarding sequence reads

[0, 1, . . . , 17]
Rule 1

−−−−−−−−−−−→
Discard [14,15,16,17]

[0,1, . . . , 13]

Rule 2
−−−−−−−−→
Discard [5,6,7,8]

[0,1, 2,3, 4,9, 10,11, 12,13] .
(2.6)

Combined with the QFT and QFT†, this yields a downsampled 32×32 image, encoded
in a 10-qubit register of qubits [0, 1,2, 3,4, 9,10, 11,12, 13].
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2.2.2 Example with a lower triangular matrix

We provide a complete example of the downsampling algorithm for a simple 4 × 4
pattern, as well as a first assessment on the improvements brought by the Hadamard
gates. To this extent, we first perform the calculation without the Hadamard gates
and compare the result when these are added according to Algorithm 2.1. Consider
a lower triangular 4× 4 image, and the expected downsampled 2× 2 matrix

I =







1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1






→ eI =
�

1 0
1 1

�

. (2.7)

We vectorize and represent I as 4-qubit state

I →
1
p

8
[1 0 0 0 1 1 0 0 1 1 1 0 1 1 1 1]T → |Ψ〉0 . (2.8)

Choose ñ= 1, so that n2 = 2. By postponing the discarding operations of Rule 1 and
2, the downsampling algorithm reads

|Φ〉0 = (1⊗ U†
QFT1
) UQFT0

|Ψ〉0 . (2.9)

We denote the computational basis elements of the output state as |abcd〉, where a
and d label the bottom and top qubits of the register, respectively, while a, b, c, d =
0,1. We apply Rule 1 by tracing out the high spatial-frequency qubit a from |Φ〉0, i.e.
by summing the probabilities of |0bcd〉 and |1bcd〉. Then, we apply Rule 2 by doing
the same for the redundant qubit c, i.e. by summing the probabilities of |b0d〉 and
|b1d〉. The output probabilities correspond to the matrix

eI ≃
�

0.35 0.06
0.32 0.27

�

. (2.10)

As expected, the output state closely resembles the input pattern, but downsampled
and using fewer qubits than |Ψ〉0. The result improves when adding the Hadamard
gates. Following Algorithm 2.1, these gates right before the QFT0 and after (Rule 2).
Then, the output probabilities better reproduce the expected pattern, yielding

eI ≃
�

0.30 0.00
0.41 0.29

�

. (2.11)

2.2.3 Example with discrete signals

Consider a monotonic linear pattern, represented by the array

[0, 1, . . . , 255] , (2.12)

normalized and encoded in an 8-qubit register, with computational basis

{|0〉 , |1〉 , . . . , |255〉} . (2.13)
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Figure 2.3: Downsampling of two one-dimensional patterns prepared as 8-qubit
quantum states, for ñ = 1, with and without the Hadamard gates (with contrast
correction in the latter case). Simulation performed with Qiskit Aer and 106 repe-
titions. The plot shows the probabilities of each computational basis element. (a)
Monotonic linear pattern. (b) Triangular pattern. Figure adapted from [1].

A successful downsampling to a 6-qubit register would reproduce the same pattern,
with less entries distributed across the computational basis {|0〉 , . . . , |63〉}. We down-
sample the pattern with and without using the Hadamard gates. Then, we perform
the same task, but on a triangular pattern

[0, 1, . . . , 126, 127,127, 126, . . . , 1, 0] , (2.14)

normalized and encoded in an 8-qubit register, with computational basis

{|0〉 , . . . , |255〉} . (2.15)

For a 6-qubit register, we expect the same pattern to distribute on the basis elements
{|0〉 , . . . , |63〉}. The results are compared and reported in Fig. 2.3. Without the
Hadamard gates, the output reproduces the original pattern, with lowered contrast.
Moreover, asymmetrical boundary artifacts occur for the monotonic array, which in-
crease with the number of discarded qubits, i.e. inversely with the size of QFT†

1. For
both patterns, the Hadamard improves the quality of the output: it regularizes the
contrast, while removing the artifacts from the former. Both plots show discontinu-
ities every 8 points, which can be removed by turning off Rule 2, which, However,
remains essential to preserve the aspect ratio of a two-dimensional image.

2.2.4 Example with analytical results

We provide an analytical example, comparing the results with and without the Hadamard
gates. Consider a 1× 4 pattern, described by the one-dimensional array

I =
�

a b 0 0
�

. (2.16)
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We encode I in the 2-qubit state |Ψ〉0 = a/K |00〉 + b/K |01〉, with K2 = a2 + b2.
Choose ñ = 1, so that n2 = 1. In this case, U†

QFT1
= 1⊗ H. Without Hadamard gates,

the downsampling algorithm reads

|Φ〉0 = (1⊗H)UQFT0
|Ψ〉0 . (2.17)

Explicitly

|Φ〉0 =
1

2K
[2a |+0〉+ b(1+ i) |−0〉+ b(1− i) |−1〉] ,

with |±〉=
1
p

2
(|0〉 ± |1〉) .

(2.18)

Discard the most significant qubit. The output probabilities correspond to the nor-
malized 1× 2 array

eI ≃
1

2K2

�

2a2 + b2 b2
�

. (2.19)

Such output closely resembles the input pattern, despite the artifact on the second
entry (whose intensity depends on the contrast of the original array). We perform the
same calculation, by applying the Hadamard gates before the QFT0 and after (Rule
2). In this case, Eq. (2.17) becomes |Φ〉0 = (H ⊗ 1)UQFT0

(H ⊗H) |Ψ〉0. Namely

|Φ〉0 =
1

K
p

2
[(a+ b) |00〉+ (a− b) |10〉] . (2.20)

Discard the most significant qubit. By substituting the normalization factor, the out-
put probabilities yield

eI ≃
�

1 0
�

. (2.21)

This result perfectly matches the original pattern, now encoded in fewer pixels. A
complete analytical discussion of Algorithm 2.1 can be found in [7].

2.3 Statistics and image retrieval

As anticipated in the previous example, the reconstruction of the output image re-
quires the complete knowledge of the computational basis probabilities

p j = Tr
�

| j〉2〈 j|ρ2

�

, (2.22)

which corresponds to the gray values g̃ j, with j ∈ {0, 1, . . . , 2n2 − 1}. The image
is obtained through the devectorization operation θ−1, which rearranges the gray
values as the entries of a matrix of 2n2 pixels. Characterizing the sample size for
a good-quality output requires further statistical considerations. In the amplitude
encoding, the gray values are probabilistically encoded in the output state. Hence,
a single measurement would produce a single white pixel in the image plane, with
position specified by the output bitstring: a complete reconstruction requires the full
knowledge of the output probability distribution. Let np the number of photons sub-
sequently collected at the output, i.e. the number of repetitions of the algorithm
and the measurement, and L the number of gray levels at the output. For example,



Chapter 2. Quantum downsampling 38

L = 256 for 8-bit images. Let f j be the frequency of each outcome, which approx-
imates the theoretical values p j. We identify the color white with the value of the
pixel with highest probability

fw =max
j

f j ∈ [0,1] ,

with f j ∈ [0, fw] ∀ j .
(2.23)

Using the output frequencies, we reconstruct the gray values as

g̃ j = f j L/ fw , (2.24)

where g̃ j = 0,1, . . . L − 1 and g̃w = L. For each j, a measurement leads to two
outcomes: the photon is assigned to the jth bin, i.e. to the jth pixel, with probability
p j, or it is not with probability 1− p j. Under the normal approximation and with the
95% confidence level [83], the output probabilities can be estimated as

p j = f j ± 2
q

f j(1− f j)/np , (2.25)

yielding
g j = g̃ j ± 2
q

f j(1− f j)L2/ f 2
w np . (2.26)

By requiring that the gray values fluctuate of at most one level, we get

np ≥ 4 f j(1− f j)L
2/ f 2

w . (2.27)

Any realistic image with at least two non-black pixels has fw < 0.5, that is np ≥
4L2/ fw. We consider the worst-case scenario, i.e. a white image of N pixels. In this
case fw = 1/N and each pixel uniformly collects an average of 4L2 shots, yielding

np ≳ 4L2N . (2.28)

This bound provides a conservative estimation for any image. In practice, the optimal
number of photons depends on the proportion between dark and bright pixels, which
determines the value of fw. An example of this is given by highly contrasted and
mostly black images, for which photons will quickly localize in the most significant
sectors of the pattern. Moreover, for a specific image, the reconstruction can be
actively optimized by measuring the fluctuation value each time a new photon is
collected, then stopping the experimental repetitions as soon as the desired standard
deviation is reached by the chosen number of pixels.

2.4 Simulations

In this section, we evaluate the quantum downsampling algorithm against real digi-
tal images. Moreover, we investigate the effect of the Hadamard gates on the output
reconstruction, from both a qualitative and a statistical point of view. In Fig. 2.4, we
downsample a 512× 512 image to different resolutions. We reconstruct the output
using the procedure described in Section 2.3. The results are upscaled and compared
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Figure 2.4: Downsampling of an 8-bit 512 × 512 digital image. (a) Input image
encoded in an 18-qubit register. (b-d) Reconstructed images, for different number of
n2 qubits in the output register. Simulation performed with Qiskit Aer and 2n2×2563/2

repetitions. Aliasing starts to appear on cat’s whiskers. (b) 16 qubits, 256 × 256
pixels. (c) 14 qubits, 128× 128 pixels. (d) 10 qubits, 32× 32 pixels. (e) Statistical
fluctuations, plotted as the distribution of pixels with a certain standard deviation.
The inset shows the standard deviation at each pixel location. Figure adapted from
[1].

in Fig. 2.4. We consider the statistical fluctuations observed with L3/2N photons, es-
timated by repeating the reconstruction for 20 times. For a typical image, this order
of magnitude provides the adequate statistics for a good-quality reconstruction. The
Hadamard gates improve the reconstruction quality, as well as the overall contrast.
This observation is further addressed in Fig. 2.5, where we show that, under the
same number of photons, the Hadamard gates reduce the value of output fluctua-
tions. Finally, in Fig. 2.8 we show several examples in which aliasing starts to appear,
consistently with classical downsampling algorithms that operate below the Nyquist
frequency.
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Figure 2.5: Characterization of the output statistics, without (a) and with (b) the
Hadamard gates. The input image represents a Shepp-Logan phantom, commonly
used in medical tomography [84], downsampled from 18 to 14 qubits. The simula-
tion is performed with Qiskit Aer and 214 repetitions. The choice of a sub-optimal
sample size purposely highlights the effect of the statistical fluctuations. The his-
tograms plot the number of pixels with respect to their standard deviation, obtained
by repeating the reconstruction for 20 times. The vertical axis is in log10 scale. The
inset displays the standard deviation at each pixel location. Figure adapted from [1]

2.5 Comparison with classical algorithms

We discuss the number of resources needed to downsample and retrieve a single im-
age. In terms of number of gates, Algorithm 2.1 provides an exponential speedup
over its classical counterpart. As discussed above, the output reconstruction requires
multiple runs of it, increasing the overall cost of the protocol. We show that a quan-
tum advantage remains, which increases when registers of different sizes are all
downsampled to the same resolution. Consider an image of N pixels, encoded in
n0 qubits and downsampled to 2n2 pixels, namely n2 qubits. We have two situations.
For n1 < n0, the complexity of QFT0 dominates that of QFT†

1. For n1 ≃ n0, both
operations contribute up to the same order. In both cases, their composition can
be upper bounded at 2n2

0 gates, or to 2n0 log2(n0) gates, by simply approximating
the QFT [85]. As discussed in Section 2.3, a conservative retrieval requires 4L22n2

photons, yielding a total cost

Q(n0, n2) =O
�

8L2n2
02n2
�

, (2.29)

where L = 2c is the number of output gray levels. Notice the trade-off between the
input and the output resolutions, which is essential to achieve the advantage. Clas-
sically, a single fast Fourier transform (FFT) requires at most 2N 2 log2 N operations
[86], yielding a total cost

C(n0) =O (2n02n0) . (2.30)

Then, the relative cost in terms of operations and statistics is

Q(n0, n2)/C(n0) =O
�

n022+2c+n2−n0
�

. (2.31)
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Figure 2.6: Quantum advantage bounds, obtained by taking into account the image
retrieval cost according to Eq. (2.32). The gray and coloured regions represent the
classical or quantum advantage, respectively, with respect to the of number of input
and discarded qubits. (a) Black-and-white image. (b) Grayscale 8-bit image.

An advantage holds whenever Q(n0, n2)< C(n0), namely

2(1+ c) + log2(n0)< 2ñ< n0 . (2.32)

For example, downsampling a 128×128 (14 qubits) black-and-white image to an 8×8
(6 qubits ) resolution requires ∼ 12% fewer operations than the FFT. In Fig. 2.6 we
visualize the above inequality, for c = 1, i.e. a black-and-white image, and c = 8, i.e.
an 8-bit image.

2.6 Quantum JPEG

Algorithm 2.1 can be adapted to limited-size NISQ devices [36]. Let b be the max-
imum number of logical qubits supported by a hypothetical hardware device and
consider an image exceeding the encoding capability of the hardware, with N 2 > 2b.
The algorithm still works by first splitting the image in subimages of 2b pixels, i.e. set
of states N/2b states, to be processed sequentially or in parallel by Algorithm 2.1. A
similar pre-encoding is also performed by the classical JPEG algorithm, which splits
the original image in 8 × 8 blocks, before mapping them to the spatial frequencies
domain [78]. Finally, we outline an alternative algorithm that compresses the image
without downscaling its resolution, i.e. that gives n2 = n0. Consider QFT0 |Ψ〉0. In-
stead of discarding the last ñ qubits of the n0-qubit register, we reinitialize them, e.g.
through ñ ancillas and SWAP operations. We take the QFT†

0 and skip Rule 2. We
report this algorithm in Fig. 2.7. In this case, output resolution remains unchanged,
while the number of qubits that carries information is reduced from n0 to n0 − ñ.
Although the Hadamard gates are not necessary, spatial artefacts appears for large
ñ. This variant closely resembles the classical JPEG compression, in particular when
combined with the previous subimages encoding.
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Figure 2.7: Quantum image compression by resetting the most significant ñ qubits,
instead of discarding them using Rule 1.

2.7 Discussion

In this chapter, we discussed a quantum algorithm for image downsampling and com-
pression. It leverages the QFT to downscale the original visual pattern, while reduc-
ing the number of encoding qubits. Our implementation differs from other examples
in the literature [88–91], in both the encoding and the compression strategies. In
particular, [88] leverages matrix product states truncation, while [89] and [90, 91]
propose hybrid or interpolation-based algorithms, respectively. It also differs from
[92], which focuses on image filtering rather than downsampling. In terms of num-
ber of gates only, it provides an exponential speedup over its classical counterpart
and over interpolation-based quantum algorithms [90, 91]. We investigated the cost
of the output retrieval, showing that the advantage increases consistently with the
size of the input register. Whenever a full reconstruction is not needed, e.g. when
used as subroutine rather than a standalone module, the theoretical advantage is
completely recovered. For example, after capturing an image using the hardware
encoder of the previous chapter, the downsampling algorithm can reduce the image
storage requirements, e.g. the number of qubits of a quantum random access mem-
ory [93], as well as the dimension of the channel needed for communicating the
image to other users [94]. Information theory, in particular rate-distortion theory,
can be used to benchmark these tasks. We expect our results to satisfy Shannon’s
bounds. Indeed, Algorithm 2.1 is equivalent to a block-wise average [7], which is
suboptimal compared to the Whittaker–Shannon formula and exhibits aliasing when
sampled below the Nyquist frequency (see Fig. 2.8). Nevertheless, it incorporates
unique features compared to classical interpolation algorithms, such as complemen-
tarity and probabilistic image retrieval. For this reason, such analysis represents an
interesting challenge and a potential perspective of our results.
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Figure 2.8: Aliasing test for the quantum downsampling algorithm, performed on
8-bit 512 × 512 digital image [87]. Output proportions are preserved. (a) Input
encoded in 18 qubits. (b) 16 qubits, 256 × 256 pixels. (c) 14 qubits, 128 × 128
pixels. Aliasing is observed both in (b) and (c), where additional spatial frequencies
mask the original one. For a faithful visualization use 100% PDF scale factor.



CHAPTER 3

QUANTUM OPTICAL CLASSIFIER

Ceci n’est pas une pipe.

René Magritte

IMAGE CLASSIFICATION has been significantly fostered by the development of deep
learning algorithms, which provide several architectures to learn and extract
image features [95–98]. However, such effectiveness comes with high com-

putational costs, both for training and inference. The large number of parameters
required by conventional neural networks is motivating a consistent effort in find-
ing alternative implementations beyond the standard computational paradigm, e.g.
by leveraging all-optical implementations that bypass hardware usage [99–105], or
quantum mechanical effects that can provide a significant speedup in these computa-
tions [106–115]. Quantum optical neural networks harness the best of both worlds,
i.e. deep learning capabilities from quantum optics [116–122].

Previously, we discussed an architecture to capture and compress a digital image
into a quantum state, by leveraging a combined optical and computational quan-
tum framework. In this chapter, we completely revisit our paradigm. We introduce a
quantum optical setup to classify objects without reconstructing their images. Our ap-
proach uses the Hong-Ou-Mandel effect, for which the probability that two photons
exit a beam splitter in different modes depends on their spectral distinguishability
[123–126]. In our setup, an input object is targeted by a single-photon source, and
eventually followed by an arbitrary lens system. The single-photon state interferes
with another one, which encodes the target category in a set of trainable parameters.
After the Hong-Ou-Mandel interferometer, the photons are collected by two bucket
detectors with no spatial sensitivity, one for each output mode. The classification
label is obtained by measuring the rate of two-photon coincidences at the output.
Ideally, the classifier returns 1 when coincidences are not observed, i.e. when the
object belongs to the same category of the reference, otherwise 0 when they are

44
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orthogonal. After the measurement, the response function of our apparatus mathe-
matically resembles that of a classical neuron. For this reason, we refer to our setup
as a quantum optical neuron. By analytically comparing the resource cost of the
classical and quantum neurons, we show that our method requires constant O(1)
computational operations and injected photons, whereas the classical methods are
at least linear in the image resolution: a superexponential advantage. Our discus-
sion is completely general, and independent of the type of encoding. Additionally,
we consider an explicit implementation in terms of amplitude-only and phase-only
spatial light modulators.

This chapter is built upon the results of [2]. In collaboration with A. R. Morgillo, I
have contributed to all the aspects of this research, including the theoretical analysis
and the numerical simulations. The underlying code that generated the data for this
study is openly available in GitHub [127].

(c)

(a) (b)

Figure 3.1: Possible outcomes when two photons exit a two-mode interfer-
ometer. (a-b) The photons exit the interferometer in the same mode. (c) The
photons exit the interferometer in separate modes: a coincidence event. If
the photons are indistinguishable, the Hong-Ou-Mandel effect predicts that
coincidences never occur.
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3.1 Preliminaries on the Hong-Ou-Mandel effect

In this section, we introduce the Hong-Ou-Mandel effect. Consider two photons fed
inside a two-mode 50 : 50 beam splitter. Classically, the photons have 50% chance
of exiting in separate modes, producing an event called coincidence. Quantum me-
chanics predicts that indistinguishable photons cannot produce coincidence events,
as they must exit the interferometer always in the same mode. This is called the
Hong-Ou-Mandel effect [123], and represents one the cornerstone of quantum inter-
ferometry. See Fig. 3.1 for a schematic representation. Consider two generic single-
photon states, with modes a and b, each generated by a monochromatic source. Each
mode reads

|Ψm〉=
∫

d2k Ψ̂m(k)m
†(k) |0〉 , (3.1)

with mode m ∈ {a, b}. Consider the bipartite state

|Ψa〉 ⊗ |Ψb〉=
∫

d2k1 d2k2 Ψ̂(k1, k2)a
†(k1)b

†(k2) |0〉 , (3.2)

with Ψ̂(k1, k2) = Ψa(k1)Ψb(k2). After feeding it into the beam splitter, the latter acts
as a unitary transformation, which, in terms of the modes a an b [128], gives

a†→
1
p

2

�

a† + b†
�

, (3.3)

b†→
1
p

2

�

a† − b†
�

. (3.4)

At the output, the system state reads

|Φ〉=
1
2

∫

d2k1 d2k2 Ψ̂(k1, k2)
�

a†(k1) + b†(k1)
� �

a†(k2)− b†(k2)
�

|0〉 . (3.5)

Consider two bucket detectors, i.e. with no spatial sensitivity, one for each output
branch of the beam splitter. Detection of mode m is described by the projector

Πm =

∫

d2k m†(k) |0〉〈0|m(k) . (3.6)

The rate of coincidences, i.e. the probability that one and only one photon is detected
in each mode, gives

p(1a ∩ 1b) = Tr[|Φ〉〈Φ|Πa ⊗Πb] , (3.7)

with Πa ⊗Πb =

∫

d2k3 d2k4 a†(k3)b
†(k4) |0〉〈0| a(k3)b(k4) . (3.8)

By substitution of Eq. (3.5), we obtain

p(1a ∩ 1b) =
1
4

∫ 6
∏

i=1

d2ki Ψ̂(k1, k2)Ψ̂
∗(k5, k6)W (k1, k2, . . . , k6) , (3.9)

W (k1, k2, . . . , k6) =W1(k1, k2, k3, k4)W2(k3, k4, k5, k6) (3.10)
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The first factor reads

W1(k1, k2, k3, k4) = 〈0| a(k3)b(k4)
�

a†(k1)a
†(k2)

−a†(k1)b
†(k2) + b†(k1)a

†(k2)− b†(k1)b
†(k2)
�

|0〉
. (3.11)

By simplifying all the Wick products [59], it simplifies to

W1(k1, k2, k3, k4) = δ(k2 − k3)δ(k1 − k4)−δ(k1 − k3)δ(k2 − k4) . (3.12)

Similarly
W2(k3, k4, k5, k6) = 〈0| [a(k6)a(k5)− b(k6)a(k5)

+a(k6)b(k5)− b(k6)b(k5)] a
†(k3)b

†(k4) |0〉
, (3.13)

which becomes

W2(k3, k4, k5, k6) = δ(k3 − k6)δ(k4 − k5)−δ(k3 − k5)δ(k4 − k6) . (3.14)

By integrating out the Dirac deltas of Eq. (3.9), we obtain

p(1a ∩ 1b) =
1
2

∫

d2k1 d2k2 d2k5 d2k6 Ψ̂(k1, k2)Ψ̂
∗(k5, k6)fW (k1, k2, k5, k6) , (3.15)

fW (k1, k2, k5, k6) = δ(k1 − k5)δ(k2 − k6)−δ(k1 − k6)δ(k2 − k5) . (3.16)

After splitting the two contributions, the rate of coincidences yields

p(1a ∩ 1b) =
1
2

∫

d2k |Ψ̂a(k)|2
∫

d2k |Ψ̂b(k)|2 −
1
2

�

�

�

�

∫

d2k Ψ̂a(k)Ψ̂
∗
b(k)

�

�

�

�

2

. (3.17)

Using the Parseval’s and Plancherel’s theorems, this equation can be compactly writ-
ten as

p(1a ∩ 1b) =
1
2

�

||Ψa||2||Ψb||2 − |〈Ψa|Ψb〉|
2
�

, (3.18)

with || · || and 〈·, ·〉 denoting the norm and inner product in L2, i.e. the space of
square-integrable functions. When normalization is guaranteed, e.g. when optical
losses are negligible, this formula further simplifies to

p(1a ∩ 1b) =
1
2

�

1− |〈Ψa|Ψb〉|
2
�

. (3.19)

When 〈Ψa|Ψb〉 = 1, i.e. when the two modes are indistinguishable, the rate of
coincidence vanishes, and the Hong-Ou-Mandel effect is observed. Conversely, or-
thogonal modes, i.e. 〈Ψa|Ψb〉 = 0, leads to the outcomes reported in Fig. 3.1 with
p(1a ∩ 1b) = 1/2.
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3.2 Quantum optical neuron

Using the Hong-Ou-Mandel effect, we design an interferometric scheme whose re-
sponse function resembles that of a classical artificial neuron. Consider two single-
photon states, generated by two independent monochromatic sources, fed into the
left and top branches of a balanced beam splitter. We describe the branches in terms
of two modes, i.e. a and b, respectively called input and probe modes. These are
going to represent the neuron input and the processing layers, respectively. In the
left branch, the single-photon with spectrum φ is generated at the longitudinal ori-
gin z = 0. Then, it reflects off an object with two-dimensional shape O and reaches
the beam splitter after an optical system with transfer function Ld , e.g a pinhole or a
linear imaging apparatus. Here, we call zo and zi the longitudinal positions of the ob-
ject and the image plane, respectively, and d = zi − zo their displacement. We do not
specialize to any particular design of the lenses. In the top branch, the single-photon
state is injected through a generic device or system, encoding a set of trainable real
parameters. We place a bucket detector at the interferometer output, counting the
number exiting each mode without reconstructing their spatial distribution. Focus-
ing on coincidence events, we discuss how to relate the output to that of an artificial
neuron. An example of an optical scheme is reported in Fig. 3.2, where a spatial
light modulator (SLM) encodes the trainable parameters in the top branch. Dealing
with monochromatic light is equivalent to classifying grayscale images. Colors can
be introduced by replacing the source with a multiwavelength one, or by considering
multiple sets of probe parameters that account for the color decomposition of the
image.

We mathematically discuss this setup. Unless differently specified, we adopt the
dot symbol to denote an unused variable, e.g. g(·, y). The output of the left branch
through the imaging optics reads

|ΨI〉=
∫

d2k Îω(k|O)a†
ω
(k) |0〉 , (3.20)

where
Îω(·|O) = [(φ̂ωĤzo

) ∗ Ô]L̂d (3.21)

is the total transfer function from the single-photon source to the image plane. Here
a†
ω
(k) is the creation operator of a photon in the input mode. The hat operator

denotes the two-dimensional Fourier transform on the transverse coordinates plane,
∗ the convolution operation, Hzo

the transfer function from the source to the object
plane, k = (kx , ky) the transverse momentum, andω the frequency conjugated to the
temporal degree of freedom of the electromagnetic potential. In the probe branch,
the parametrized quantum state is prepared. At the beam splitter plane, the probe
state reads

|ΨU〉=
∫

d2k Ûω(k|λ)b†
ω
(k) |0〉 , (3.22)

with λ= {λi1...in} a collection of (trainable) parameters, U the spatial spectrum of the
probe, and b†

ω
(k) the creation operator of a photon in this mode. Both photons are
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Figure 3.2: Quantum optical neuron implemented by the Hong-Ou-Mandel interfer-
ometric setup. An object is targeted by a single-photon source and classified through
the rate of two-photon coincidences at the interferometer output, obtained by plac-
ing two photodetectors with no spatial resolution, i.e. without reconstructing the
object image. In the top branch, an additional thin lens can translate the classifica-
tion problem to the Fourier domain. Figure adapted from [2].

fed through the 50:50 beam splitter. The bucket photodetector, i.e. a photon counter
with no spatial resolution, is placed at the output of each branch. Following the same
discussion of the previous section, the rate of two-photon coincidences reads

p(1a ∩ 1b|λ,O) = 1
2
[αλ(O)− fλ(O)] , (3.23)

with
αλ(O) = ||Iω(·|O)||2||Uω(·|λ)||2 ,

fλ(O) = |〈Iω(·|O),Uω(·|λ)〉|2 ,
(3.24)

Here, αλ(O) depends on the normalizability of the input and probe states. In the
presence of optical losses, it can be αλ < 1 . Whenever the two spectra are indistin-
guishable, i.e. when U perfectly matches I, coincidences are not observed. On the
other hand, the more distinguishable the input and the probe states are, the smaller
their inner product becomes, and the rate of coincidences increases. In the next sec-
tions, we report how to obtain similar results in the Fourier domain. At the image
plane I , with transverse coordinates r = (x , y), Eq. (3.23) gives

fλ(O) =
�

�

�

�

∫

I

d2r Iω(r|O)U∗ω(r|λ)
�

�

�

�

2

. (3.25)

This integral measures the point-wise overlap between the input image and the probe.
We interpret it as the prediction of our classification model, where fλ ∈ [0,1] repre-
sents the probability that I belongs to the class of U . In particular, fλ→ 0 ( fλ→ 1)
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when the class of I is orthogonal to (is the same of) U . In the next section, we show
how to encode a generic class in U , by means of the optimization of the set of param-
eters λ. In the Appendix, we discuss how to obtain a similar response in the Fourier
domain, by placing a lens in probe branch of the interferometer.

The output measurement produces a non-linear operation after the beam splitter,
i.e. the squared absolute value of the scalar product between the input and the probe
states. Usually, this is sufficient to obtain a predictive model [109, 110]. We improve
the performance and enhance the predictability of our model, by increasing this non-
linearity through the following post-processing operations. Consider the sigmoid
(logistic) function

σ(x) :=
1

1+ exp(−β x + γ)
, (3.26)

where β ,γ are hyperparameters, i.e. constants with respect to the training process.
We introduce an additional trainable parameter b ∈ R, called bias, which, combined
with fλ and σ, yields the response

Fbλ(O) = σ( fλ(O) + b) . (3.27)

We consider this as the post-processed label, predicted by the Hong-Ou-Mandel ap-
paratus. The sigmoid increases the non-linearity introduced by the squared absolute
value, and so the predictability of the model. In addition, the bias is introduced on
heuristic motivations: it compensates the constraint introduced by the normaliza-
tion, while enhancing the robustness of our protocol against optical losses (which
may affect the above-mentioned normalizability, yielding αλ < 1).

3.3 Training

We discuss how to train the Hong-Ou-Mandel interferometer as a binary classifier.
After subsequently feeding an ensemble of objects with known labels, we optimize
the probe parameters to predict the target classes. Consider a training set, i.e. an
ensemble of M objects and target labels

��

O j, y j

�

| 0≤ j ≤ M − 1
	

, (3.28)

with y j ∈ {0,1} ∀ j. By feeding O j into the input branch, we get

f ( j)
λ

:= fλ(O j) = C − 2p(1a ∩ 1b|λ,O j) , (3.29)

F ( j)bλ := Fbλ(O j) = σ( fλ(O j)λ + b) , (3.30)

where p ∈ [0,1/2]. For simplicity, we assumed that the optical losses are independent
on both the input and the probe, that is C := αλ(O j) ∀λ, j. We define the binary
cross-entropy between each target label and the predicted one as

H
�

y j, F ( j)bλ

�

= −y j log
�

F ( j)bλ

�

−
�

1− y j

�

log
�

1− F ( j)bλ

�

. (3.31)
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We train the classifier by finding the set of parameters that minimize this entropy,
across the whole dataset. We use the gradient descent algorithm to optimally ap-
proximate the solution, where Eq. (3.31), averaged on the training set, is used as
loss function. After each epoch, i.e. each complete pass through the dataset, the
parameters are updated as

λ→ λ−
ηλ
M

∑

j

∂λH
�

y j, F ( j)bλ

�

, (3.32)

b→ b−
ηb

M

∑

j

∂bH
�

y j, F ( j)bλ

�

, (3.33)

where ηλ,ηb are the learning rates of the probe and bias, i.e. the step size while
moving toward the minimum of the loss function. The derivatives with respect to
the parameters and the bias yield

∂λH = (∂F H)
�

∂ξσ
�

∂λ f , (3.34)

∂bH = (∂F H)∂ξσ , (3.35)

with ξbλ = fλ + b. By substitution of Eqs. (3.30) and (3.31), it reads

∂F H =
F − y

F(1− F)
, (3.36)

∂ξσ = βF(1− F) , (3.37)

where β is the hyperparameter of the sigmoid. These contributions take into account
the optimization strategy, i.e. the loss function, and the post-processing operations,
i.e. the bias and the sigmoid. However, they are independent of the Hong-Ou-Mandel
response and of the encoding type. The only model-dependent contribution is ∂λ f ,
which can be computed as follows. For any complex function of real variable h : R→
C, it holds that

∂λ |h(λ)|=
Re [h(λ)(∂λh(λ))∗]

|h(λ)|
. (3.38)

Hence,
∂λ f = 2Re [〈Iω,Uω〉〈Iω,∂λUω〉∗] . (3.39)

We can simplify this formula, by explicitly writing it in terms of the Hong-Ou-Mandel
output. Indeed, neglecting the global phase of 〈I,U〉 yields

∂λ f ≃ 2
p

f Re [〈Iω,∂λUω〉] . (3.40)

In our simulations, we verify this assumption under a self-consistency test. When
the computation of the loss function derivative is not possible, we can replace the
gradient descent method with the coordinate descent one. For each epoch, the loss
function is evaluated on a discrete neighbourhood Λ in the parameters space. The
update rule is

λ→ arg min
λ∈Λ

H(λ) . (3.41)

Notice that our model is resilient against the issue of gradient explosion [129], since
it depends on physical data and functions only.
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3.4 Comparison with a classical artificial neuron

Deep learning algorithms are characterized by high flexibility. They provide several
trainable architectures that can solve different tasks, such as regression and classifica-
tion. Examples include feedforward neural networks, convolutional neural networks,
autoencoders and vision transformers. Originally introduced in the fifties as percep-
tron [130], the artificial neuron represents the fundamental unit of such algorithms.
In this model, data are processed through a set of weighted connections, computing
the scalar product between the input and a vector of trainable weights. The output
is further transformed by adding a bias and an activation function, which is usually
non-linear [131]. Mathematically, this process is described as

Gbw(x) = A(w · x + b) , (3.42)

with x ∈ RN denoting the input data, while w ∈ RN and b ∈ R the weights and bias,
respectively. Here, A is the activation function. Examples include the linear function,
the rectified linear unit, the hyperbolic tangent and the sigmoid functions. The lat-
ter takes values in the interval [0,1], making it particularly suited for classifications
tasks. Multiple neurons can be combined and stacked in layers, forming a neural net-
work. For example, consider a 3-layer neural network, which takes an input x ∈ RN

(input layer), processes it through M neuron (hidden layer), and computes a scalar
value (output layer). Mathematically, this reads

GbwBW (x) = A(w · y + b) ,

with yi = A
�

Wi j x j + Bi

�

.
(3.43)

In the last step, we employed the Einstein’s summation notation. Here, W ∈ RM×N ,
while w, B ∈ RM and b ∈ R. This network possesses universal approximation ca-
pabilities: it can be trained to simulate any real-valued function [132], i.e. it can
classify an arbitrary complex pattern. We focus on the classical artificial neuron as
the fundamental building block of such classifiers.

There is a formal relationship between the post-processed output of the Hong-
Ou-Mandel interferometer and the operations and response of a classical artificial
neuron. Consider the output fλ(O), discretized and vectorized in a mesh of N cells,
either in the spatial or in the Fourier domain. Then, Eq. (3.27) corresponds to the
composition of a (1) real-valued neuron, with N trainable weights, square absolute
value activation function and no bias, and (2) another neuron, with a scalar unit
weight, sigmoid activation function and a trainable bias. This reads

Gbw(x) = σ
�

|w · x |2 + b
�

, (3.44)

where x ∈ CN encodes the input data, while w ∈ CN and b ∈ R are the weights and
bias, respectively. We can formally identify Gbw(x)with Fbλ(O) under the substitution

(x , w)
∼
←−
�

Iω(r|O),Uω(r|λ)
�

, (3.45)

where
∼
←− is the discretization and vectorization to CN . This analogy is schematically

represented in Fig. 3.3. Indeed, a single artificial neuron represents the classical
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Figure 3.3: Mathematical relationship between the Hong-Ou-Mandel apparatus of
Fig. 3.2 and a classical artificial neuron of Eq. (3.44). Each operation is identified
with the corresponding component of the optical interferometer. Figure adapted
from [2].

counterpart of our apparatus. We discuss the optical and computational advantage
as the number of photons and operations required by a single image classification.
Assuming that all the parameters have been previously trained with optimal accuracy,
we show that our protocol requires a constant number of resources, i.e. O(1) com-
plexity, independently of the input image resolution: it provides a superexponential
speedup over its classical counterpart. We consider two different figures of merit: the
number of mathematical operations (sums and products), which represent computa-
tional resources spent a CPU, and the number of photons injected, which describe the
optical cost of the imaging or interferometric apparatus. From now on, we denote Ω,
Θ and O, respectively the lower, tight and upper bounds on the number of resources
needed by a certain (optical or computational) operation.

Concerning the computational cost, we consider the best classical scenario, in
which the pattern recognition problem is solved by a single artificial neuron. Consider
a digital image x of N pixels, fed into a neuron

Gbw(x) = σ(w · x + b) , (3.46)

where x , w ∈ RN , b ∈ R and σ is the sigmoid activation, with hyperparameters
β = 1 and γ= 0. Classically, an artificial neuron costs N operations to compute w · x .
The Hong-Ou-Mandel interferometer performs the same task in an all-optical way.
Indeed, the inner product and the square absolute value activation are inherently
obtained through the coincidence measurement at the output of the beam splitter. In
post-processing, only the sigmoid activation function and bias requires computational
resources. However, since they operate on a scalar number, i.e. the square absolute
value of an inner product, they only require O(1) resources.

Optically, we discuss the advantage in using coincidences to classify single-photon
states, instead of a neuron that processes fully reconstructed images. First, we inves-
tigate the cost of imaging by classical means. Then, we take into account the artificial
neuron contribution. After targeting an object with light, a digital image x is a collec-
tion of gray levels obtained by counting the number of photons detected on different
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pixels of a sensor grid, e.g. a charge-coupled device [47]. Let np be the average num-
ber of photons in the input state, and µi the average number of photons collected by
the i-th pixel of the grid, with i ∈ {0, . . . , N}. Assuming perfect quantum efficiency
and sufficiently low exposure times to neglect the saturation of the sensor, the gray
values at each pixel read

x i =
µi L
µw

, (3.47)

with L the number of gray levels, i.e. the depth of the image, and µw = maxi µi the
maximum number of photons collected in a single pixel. Indeed, x i ∈ {0, 1, . . . , L −
1} with 0 and L labelling the black and white colors, respectively. Each pixel has
variance

ς2
i =
∆µ2

i L2

µ2
w

, (3.48)

with ∆µ2
i the variance on the number of collected photons. For coherent light, the

photo-detection process undergoes the standard quantum limit (SQL) [133, 134],
with Poissonian fluctuations that satisfy ∆µ2

i ≃ µi. By averaging the variance across
the image, we get

ς2 :=
1
N

∑

i

ς2
i

SQL
≃ 〈x〉2Nn−1

p , (3.49)

with 〈x〉=
1
N

∑

i

x i . (3.50)

Here, 〈x〉 ∈ [0, L−1] is the average brightness of the image, which we assume to be
independent of its resolution. Hence, the number of photons np required by a full
image reconstruction with average variance ς2 is

np = ς
−2〈x〉2N . (3.51)

In terms of the signal-to-noise ratio η = 〈x〉/ς, the number of photons needed sim-
plifies to np = ηN . This discussion involves the cost of image reconstruction only.
We now consider the information propagation through the artificial neuron.

Proposition 1. Consider a neuron with sigmoid activation function. Suppose that
there exists a sequence of parameters

�

(wN , bN ) ∈ RN+1
	

N≫1
that optimally solve the

N -pixel image classification task, with bN and the ℓ1-norm ||wN ||1 asymptotically
bounded for N →∞. Then, the number of photons np required to classify an image
x with uncertainty ϵ, is

np = Ω
�

ϵ−2〈x〉N
�

. (3.52)

Proof. Consider the output of the neuron

Gbw(x) = σ(wN · x + bN ) , (3.53)

and its derivative
∂ G(x) = Gbw(x)(1− Gbw(x)) . (3.54)
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By neglecting the spatial neighbourhood correlations, which introduces at most a
constant overhead in our estimation, we propagate the uncertainty of x as

ϵ2 = 〈x〉(∂ G)2(x)
∑

i

(wN )
2
i x iNñ−1

p , (3.55)

where ñp = nr np, with nr is the number of independent image acquisition and clas-
sification. Here, black pixels do not contribute to this summation, then

∑

i

(wN )
2
i x i ≥
∑

i /∈B

(wN )
2
i = ||wN ||2 −
∑

i∈B

(wN )
2
i , (3.56)

where B = {i ∈ N | x i = 0 for 0≤ i ≤ N − 1} (3.57)

represents the set of black pixels labels only. Moreover

||wN ||2 >
∑

i∈B

(wN)
2
i . (3.58)

By contradiction, ||wN ||2 ≃
∑

i∈B(wN )2i would imply either that the image is mostly
black, independently of its resolution, or that any non-black pixel undergoes (wN )i ≃
0. Both conditions prevent the learnability of the neuron. Therefore, by substitution
of Eq. (3.58), Eq. (3.55) gives

ñp > ϵ
−2〈x〉(∂ G)2(x)||wN ||2N . (3.59)

By hypothesis, wN is a sequence of non-trivial solutions of the classification problem.
Then, its ℓ2-norm ||wN ||2 cannot go to zero for N →∞. Additionally, neither (∂ G)2

can converge to 0 for N →∞. Indeed,

(∂ G)2(x) =
exp[−2(wN · x + bN )]

{1+ exp[−(wN · x + bN )]}
4 . (3.60)

Since bN is asymptotically limited, (∂ G)2 converges to zero if and only if wN · x →
±∞. Since x i ∈ [0, L − 1], the Cauchy–Schwarz inequality combined with the
Hölder’s one implies that

|wN · x |< L||wN ||1 . (3.61)

Since the ℓ1-norm is limited, (∂ G)2 admits strictly positive lower bound for N →∞.
Finally, this gives

ñp = Ω
�

ϵ−2〈x〉N
�

. (3.62)

For a single image acquisition, i.e. for nr = 1, the results read as stated above.

In summary, two conditions lead to the above lower bound. On the one hand, that
||wN ||2 ̸→ 0 for N →∞. This is essential to guarantee that the neuron can be trained
at any resolution, i.e. that there always exists a solution to the optimization prob-
lem. On the other hand, that ||wN ||1 is bounded for N →∞, which is compatible
with LASSO and Tikhonov’s regularization techniques [135, 136]. Our method re-
duces this cost by substituting the imaging system with two bucket detectors, with
no spatial resolution. The classifier outcome depends on the estimation of the rate
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of coincidences of the Hong-Ou-Mandel interferometer. Let ñp = 2np be the number
input photons, and p̃ ∈ [0,1/2] the empirical rate of coincidences. Under the normal
approximation, with the 95% confidence level [83], the estimation uncertainty reads

ϵ = 2

√

√

√
p̃(1− p̃)

ñp
. (3.63)

Since 4p̃(1− p̃)≤ 1, the total number of photons is O(ϵ−2). This scaling is constant,
independent of the resolution of the image. In conclusion, the quantum optical neu-
ron provides a superexponential advantage over its classical counterpart, both in the
number of operations and photons saved to classify a single image. In both cases,
it requires constant computational and optical resources to perform the classifica-
tion, independently on the input resolution. We summarize these results and the full
discussion in Table 3.1.

The above estimations do not consider the cost of training, which is present in
both classical and quantum models. Depending on its implementation, it may con-
tribute to the protocol complexity. In some cases, training may be performed offline,
through the direct simulation of the optical apparatus or by “transfer learning" from
an artificial neuron. Up to fine tuning, parameter transferring is supported by the
mathematical analogy between the classical and the quantum response. In other
cases, training might require an experimental approach. If so, the cost would be de-
termined by the number of epochs, which depends on the pattern complexity but not
on the image resolution: it is a constant overhead.

3.5 Comparison with a Mach-Zehnder interferometer

The previous discussion demonstrates the advantage of our method against a classical
artificial neuron. We also compare our method against a classical optical design. We
replace the artificial neuron with a Mach-Zehnder interferometer, which measures
the overlap between the input and the probe states using classical, e.g. coherent,
light. We describe the input as a multimode coherent state

�

�ξφ
�

= D(ξ,φ) |0〉 , (3.64)

with intensity |ξφ|2 and spatial spectrum φ. Here

D(ξ,φ) = exp
�

ξA†
φ
− ξ∗Aφ
�

, (3.65)

A†
φ
=

∫

d2k φ̂(k)a†
ω
(k) , (3.66)

are the multimode displacement and creation operators. In this case, the 50 : 50
beam splitter separates the source into two multimodes, A and B. Using Eqs. (3.3)
and (3.4), we get

�

�ξφ
�

→ exp
�

1
p

2

�

ξA†
φ
− ξ∗Aφ
�

+
1
p

2

�

ξB†
φ
− ξ∗Bφ
�

�

|0〉=
�

�

�

�

ξφ
p

2

��

�

�

�

ξφ
p

2

�

, (3.67)
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where B undergoes the same definition of Eq. (3.66), with respect to mode b. In
this case, the beam splitter halves the source intensity across the output branches.
Consider two SLMs, each with N pixels, encoding the input image and the trainable
parameters. In the simplest scenario, each pixel can be associated to a single spatial
mode, by placing a lens at each branch of the interferometer. At one focal length,
this performs a Fourier transform, which, for finite number of modes, reads as the
unitary transformation

U =
1
p

N

∑

i j

ζi jei ⊗ e j , (3.68)

with |ζi j|2 = 1 ∀i, j, and ei⊗ e j labelling the i j-th component of U [82]. Similarly to
Eq. (3.67), the multimode A transforms under the action of U , splitting each branch
in N spatial modes {B1, . . . , BN} and yielding

�

�

�

�

ξφ
p

2

�

→
�

�

�

�

ξφ
p

2N

�

. . .

�

�

�

�

ξφ
p

2N

�

. (3.69)

Encoding the SLM, i.e. having at least one photon for each pixel, requires a coherent
state with |ξφ|2 > 2N , namely an average number of photons that scales as Ω(N).
This means that a classical interferometer would bring a computational speedup with-
out optical advantage, undergoing the same cost of image detection and subsequent
classification. In our method, single-photon states do not factorize as in Eq. (3.69).
They use entanglement to encode the SLM in a superposition of N spatial mode,
which, combined with the coincidence measurement, leads to the O(1) scaling.

3.6 Implementation with spatial light modulators

This section contains an explicit implementation of our setup. First, we replace the
generic probe state with a toy model of an amplitude-only spatial light modulator,
placed in the top branch of the Hong-Ou-Mandel interferometer. Experimentally, this
can be implemented using a liquid crystal display with negligible losses [137]. We
still describe the input as a free-space object. However, different approaches can be
investigated, such as phase-only SLMs [138], which may exhibit superior resiliency
against losses. In the second part, we consider this situation by using two phase-only
SLMs inserted in both branches of the interferometer, injecting both the input and
the probe states as digital objects.

3.6.1 Amplitude modulation

Consider an amplitude-only SLM, i.e. a pattern on a grayscale grid with N real am-
plitudes {λµν}. Following Fig. 3.2, we place the SLM in the probe branch of the
interferometer. Each pixel, labelled by (µ,ν), is represented by an L× L square with
center

rµν = (µ+ 1/2,ν+ 1/2)L . (3.70)
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Resources Quantum optical
neuron

Imaging→ Classical
artificial neuron

Computational
(# of mathematical

operations)
O(1) N

Optical
(# of photons)

Imaging The image is not
reconstructed

ς−2〈x〉2N

Classification O(ϵ−2) Ω
�

ϵ−2〈x〉N
�

Table 3.1: Extended comparison of the computational and optical resources needed
to classify an image x of N pixels. (Computational) An artificial neuron requires N
mathematical operations to inject the parameters. Our method performs the same
task by optical means, through a single Hong-Ou-Mandel interferometer. No com-
putation is required other than scalar post-processing. (Optical) In coherent imag-
ing, the number of photons needed depends linearly on the output resolution, i.e.
ς−2〈x〉2N . Here, ς and 〈x〉 are the standard deviation and the average brightness of
the reconstructed image (which depends on the reflectivity of the object). The same
also holds for the artificial neuron, after which the cost increases to Ω(ϵ−2〈x〉N),
where ϵ is the uncertainty on the classification outcome, i.e. the error on the pre-
dicted class. Our method achieves the same task and uncertainty, with number of
photons dictated only by the binomial statistics, independently of the resolution. In
both cases, the quantum optical neuron requires constant resources, achieving a su-
perexponential speedup. Table adapted from [2].

Upon an overall parameter-independent normalization, the probe can be approxi-
mated as a combination of (normalized) top-hat functions

Uω(r|λ) =
∑

µν

u(r − rµν)
λµν

||λ||
, (3.71)

with ||λ||2 =
∑

µν

λ2
µν

. (3.72)

Here
u(r) := He(r + L/2)−He(r − L/2) , (3.73)

with He the two-dimensional Heaviside step function. Under this choice, the optical
response, with free-space input I, simplifies to

fλ(O) =

�

�

�

�

�

∑

µν

(u ⋆ Iω)(rµν)
λµν

||λ||

�

�

�

�

�

2

, (3.74)

where ⋆ is the cross-correlation operation. We introduce a bias and a sigmoid activa-
tion function, so that the post-processed output reads

Fbλ(O) = σ( fλ(O) + b) (3.75)
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Assuming that I is real, Eq. (3.39) simplifies to

∂µν f ≃ 2

p

f
||λ||

�

(u ⋆ Iω)(rµν)−
p

f
λµν

||λ||

�

, (3.76)

with ∂µν f := ∂ f /∂ λµν. This expression can be evaluated in an all-optical way, by
taking the amplitude measurement of I directly in the left branch of the interfer-
ometer, before the beam splitter. This operation can be done offline, and once per
training object.

3.6.2 Phase modulation

In this section, we repeat the above discussion using two phase-only SLMs, which de-
scribe both the input and the probe branches of the Hong-Ou-Mandel interferometer.
In this case, let {λµν} be the set of trainable phases, and {xµν} the phase-encoded
gray values corresponding to the input image. In both branches, we approximate the
input and the probe states as a combination of (normalized) top-hat functions with
disjoint support

Iω(r|O) =
1
p

N

∑

µν

u(r − rµν)exp
�

i xµν
�

, (3.77)

Uω(r|λ) =
1
p

N

∑

µν

u(r − rµν)exp
�

iλµν
�

. (3.78)

For simplicity, we considered two SLMs with the same number of pixels N . Notice
that the normalization is automatically guaranteed and depends only on the size of
the SLM. The inner product and its derivative read

〈Iω,Uω〉=
1
N

∑

µν

exp
�

−i(xµν −λµν)
�

, (3.79)

〈Iω,∂λUω〉=
i
N

exp
�

−i(xµν −λµν)
�

. (3.80)

Here, we used that the supports of the top-hat functions are all disjoint. Finally, a
substitution in Eq. (3.39) gives

∂µν f =
2

N 2

∑

ab

sin
�

xab − xµν −λab +λµν
�

. (3.81)

By neglecting the global phase contribution, such that 〈I,U〉 ≃
p

f , this expression
simplifies to

∂µν f ≃ 2

p

f
N

sin
�

λµν − xµν
�

. (3.82)

Both expressions can be easily evaluated, due to the complete control of the param-
eter injected in the SLMs.
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Figure 3.4: Setup used in the simulations. The target object and the optics are re-
placed by a second SLM. The discretized input and spectra correspond to the digital
images shown on the screen. Both SLMs have the same number of pixels. Figure
adapted from [2].

3.7 Simulations

In this section, we present a simulation of the quantum optical classifier, compar-
ing its performance against classical neural network architectures. We investigate
two widely recognized datasets: the MNIST, which contains 28×28 images of hand-
written digits from 0 to 9, and the CIFAR-10, comprised of 32 × 32 color images
distributed across 10 different classes. A fair comparison is guaranteed by padding
the MNIST resolution to 32× 32 pixels, while converting the CIFAR-10 to grayscale.
Each image is identified with the discretized spectrum of a single-photon state, by-
passing the simulation of the imaging apparatus. In practice, this means replacing
the target object and the lenses with a second amplitude-only SLM, which displays
and encodes the input image, with resolution of 32 × 32 pixels, both in the spatial
and in the Fourier domains. We choose the binary cross-entropy as loss function,
combined with the standard (non-stochastic) gradient descent optimizer, with learn-
ing rates ηλ = 0.075 and ηb = 0.005. We adopt the accuracy, i.e. the proportion of
correct predictions over the total ones, as figure of merit of our results. The setup
is schematically represented in Fig. 3.4. All the simulations are run in Python and
TensorFlow [139]. The quantum optical classifier demonstrates significative perfor-
mances in both datasets. In the MNIST, it achieves accuracy exceeding 99%, when
discerning between zeros and ones. In the CIFAR-10, it reaches accuracy above 58%,
when distinguishing between cats and dogs. This difference reflects the complex-
ity of the two classification tasks. The results are reported in Fig. 3.5. Consider a
classical artificial neuron and a convolutional neural network, commonly employed
in pattern recognition tasks [96, 130, 140]. Adopting the TensorFlow notation, the
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Figure 3.5: Comparison between the quantum optical neuron (QON), a single classi-
cal neuron and a convolutional network. (a) Accuracy versus the number of training
epochs for the MNIST dataset. The models are trained to distinguish among images
of zeros and ones, showing compatible results in terms of trainability and accuracy.
The inset shows the binary cross-entropy, used as loss function in the gradient de-
scent optimization. (b-c) Accuracy and binary cross-entropy plots versus the number
of training epochs for the CIFAR-10 dataset. The models are trained to classify images
of cats and dogs, with the QON showing an advantage over its classical counterparts.
Figure adapted from [2].

convolutional architecture reads

Conv2D (10,3× 3)→ Conv2D (4, 2× 2)→ MaxPooling2D (2× 2) . (3.83)

All the architectures are trained with ∼ 1024 parameters, same optimizer and learn-
ing rates. The performances are equal in the MNIST dataset, both in terms of train-
ability and final accuracy. In the CIFAR-10 dataset, our classifier outperforms the
conventional ones, showing superior efficiency under a strongly-constrained param-
eters count. These findings emphasize the competitive accuracy of our method, and
its comparative advantage in pattern recognition tasks with a limited number of pa-
rameters. Additional tests can help in evaluating the effectiveness of our method.
First, we repeat the above comparisons by removing the post-processing operations,
i.e. the bias and the sigmoid, using the square absolute value activation only. Under
the same conditions of the above simulations, the model maintains its trainability
with reduced asymptotic accuracy, i.e. 88% and 57% for the MNIST and CIFAR-
10 datasets, respectively. Then, we assess robustness by introducing sampling noise
when estimating the coincidence rates at the Hong-Ou-Mandel output, for 100 and
1000 experimental repetitions. In the MNIST dataset, predictability remains unaf-
fected. In the CIFAR-10 dataset, higher noise sensitivity is observed, although with
compatible to superior capabilities with respect to its classical counterparts. In both
cases, local fluctuations do not affect the global convergence of training. Results are
reported in Figs. 3.6 and 3.7.
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3.8 Discussion

In this chapter, we discussed an interferometric setup of a quantum binary classi-
fier. We demonstrated the mathematical relation between our model, implemented
through the Hong-Ou-Mandel effect, and a single artificial neuron, showing their
similarity in terms of processing and response function. Being completely optical
and single-photon based, the quantum optical classifier provides a superexponential
speedup with respect to its classical counterpart, in terms of the number of pho-
tons and computational resources used. After its explicit implementation with SLMs,
we performed a numerical comparison against conventional neural network designs,
demonstrating compatible to superior capabilities in terms of accuracy and train-
ing convergence, as well as noise resiliency and trainability in absence of additional
post-processing. Our method can be generalized to multiclass scenarios, adopting
one-vs-one or one-vs-all strategies. In this case, multiple sets of parameters have
to be considered and trained to subsequently, or adversarially, determine the target
class.
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Figure 3.6: Quantum optical neuron (QON) with square absolute value activation
function. Comparison against a single classical neuron and a convolutional network.
(a) History plot for the MNIST dataset, when classifying zeros and ones. The inset
shows the binary cross-entropy. (b-c) Accuracy and loss histories for the CIFAR-10
dataset, when classifying cats and dogs. Figure adapted from [2].
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Figure 3.7: Quantum optical neuron (QON) with coincidence approximated by em-
pirical frequencies, sampled with 100 (upper plots) and 1000 (lower plots) repeti-
tions. Comparison against a single classical neuron and a convolutional network. (a)
History plot for the MNIST dataset, when classifying zeros and ones. The inset shows
the binary cross-entropy. Our method demonstrates high noise resiliency. (b-c) Ac-
curacy and loss histories for the CIFAR-10 dataset, when classifying cats and dogs.
Figure adapted from [2].



APPENDIX

3.A Classification in the frequency domain

In this section, we discuss the effect of adding a lens in the probe branch of the
Hong-Ou-Mandel interferometer, translating the classification problem to the Fourier
domain. Consider a thin lens, placed at one focal length ℓ from both the probe
image plane and the beam splitter. In the near-field limit, the lens performs a Fourier
transform of the probe state [60], yielding |ΨU〉 → |ΨU ′〉, where

U ′
ω
(r|λ) = −i

ω

ℓ
exp(2iω f )Ûω
�ω

ℓ
r
�

�λ
�

. (3.84)

After the beam splitter, the rate of coincidences is

p(1a ∩ 1b|λ,O) = 1
2

�

αω(O)− efλ(O)
�

, (3.85)

with efλ(O) =
�

�〈Iω(·|O), Ûω(·|λ)〉
�

�

2
. (3.86)

This explicitly reads

eFbλ(O) = σ(efλ(O) + b) , (3.87)

with efλ(O) =
�

�

�

�

∫

I

dr dr ′ Iω(r|O)U∗ω(r
′|λ)eir·r ′
�

�

�

�

2

, (3.88)

with σ and b the sigmoid activation function and bias, already introduced in the
main discussion. In this case, efλ(O) is not a point-wise evaluation: it combines the
image spatial modes with the momentum spectrum of the probe state. Using the
duality of the Fourier transform, it follows that

efλ(O) =
�

�〈Îω(·|O),Uω(·|λ)〉
�

�

2
, (3.89)

which corresponds to the output illustrated above, but with the thin lens placed in the
left branch, before the beam splitter. Equivalently, this takes the Fourier transform of
the image, instead of that of the probe. In the next section, we leverage this symmetry
to simplify both the training process and the numerical simulations. Finally, training
follows the same procedure described before. After placing the lens in the top branch
of the interferometer, while using the duality of the Fourier transform, we get

∂λ ef ≃ 2
q

ef Re
�

〈Îω,∂λUω〉
�

. (3.90)
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We substitute the generic probe with an amplitude-only SLM. By neglecting the phase
of 〈Î,U〉, the last two equations become

efλ(O) =

�

�

�

�

�

∑

µ,ν

(u ⋆ Î∗
ω
)(rµν)

λµν

||λ||

�

�

�

�

�

2

, (3.91)

∂µν ef ≃ 2

q

ef

||λ||
Re

�

(u ⋆ Î∗
ω
)(rµν)−
q

ef
λµν

||λ||

�

. (3.92)

Again, Eq. (3.92) can be evaluated in an all-optical way through the characterization
of the real part of Î, namely, by performing an amplitude and phase measurement at
the output of a thin lens, placed in the left branch, before the beam splitter. In our
simulations, we compare the predictability of the neuron in the spatial and Fourier
domains.
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CHAPTER 4

QUANTUM CHANNEL TOMOGRAPHY

Many hundreds of thousands of measurements would have to be
taken, [...] that would require an equal number of many hundreds
of thousands of simultaneous equations to be solved.

Godfrey N. Hounsfield [141]

QUANTUM SYSTEMS are characterized by a high sensitivity to noise, which can
affect the measurement outcome of any observable or experimental proce-
dure. Quantum channels provide a dynamical framework for systems that

interact with their surrounding environment. They describe a wide variety of opera-
tions, including unitary transformations, communication and teleportation protocols
[142] or noisy processes, e.g. the bit-flip, the depolarizing or the amplitude damp-
ing channels, also in the presence of correlations [143–146]. A quantum channel
behaves like a black box, mapping states into other states, and it is mathematically
represented as a linear completely-positive and trace-preserving map [82]. Quantum
process tomography is the identification of an unknown quantum channel, obtained
by correlating a complete set of states to a complete set of measurements at their
output. This can be achieved directly, when the measurement outcome immediately
enters the channel reconstruction, eventually after post-processing the data [147–
153], or indirectly, when additional techniques are employed to analyse the output
state, e.g. state tomography [154–156]. In both cases, learning-based approaches
have shown significant capabilities in reconstructing channels and their properties
[157–162]. There are alternative representations in which process tomography can
be formulated [163].

When states are vectorized, channels are mapped to matrices, called Pauli transfer
matrices [148, 149]. In this representation, identifying a channel means reconstruct-
ing its Pauli transfer matrix, by combining the outcome of different experimental con-
figurations into each of its entries. Each configuration consists of a couple of input

67



Chapter 4. Quantum channel tomography 68

state and output measurement, repeatedly fed into the system for a certain number
of shots, i.e. repetitions to retrieve the necessary statistics. In this chapter, we in-
troduce a specific set of input states, for which each Pauli transfer matrix element is
directly identified by few Pauli measurements performed at the channel output. In
the standard approach, a full tomography requires d4 configurations, where d is the
dimension of the system. Our method uses only 2 experimental configurations for
each matrix element (only 1 for unital channels), independently of the dimension of
the system: an exponential speedup with respect to the minimum resources spent by
standard process tomography to complete the same task.

This chapter is built upon the results of [3].
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4.1 Preliminaries on the Pauli transfer matrix

Consider the Hilbert space of a n-qubit system, i.e. a system of n qubits. The Pauli
operator basis reads

B =
�

σα1
⊗σα2

⊗ . . .⊗σαn
with α1,α2, . . . ,αn = 0,1, 2,3

	

, (4.1)

with σ1 = X , σ2 = Y and σ3 = Z the Pauli operators, and σ0 = 12. We denote 1 the
identity operator, with dimension specified by the subscript. We write the operator
basis in the following notation

B =
�

Pk with k = 0, 1,2, 3, . . . , d2 − 1
	

, (4.2)

with d = 2n. Here, Pk denotes the kth basis element in lexicographic order. Let ρ be
the system state. A quantum channel, or quantum operation, is a linear completely-
positive trace-preserving (CPTP) map [82], that acts on the state as

ρ→ Φ(ρ) . (4.3)

There are several ways to represent a quantum channel. In the Kraus representation,
the channel is described by a collection of operators {Ki}, called Kraus operators,
such that

Φ(ρ) =
∑

i

KiρK†
i ,

with
∑

i

K†
i Ki = 1 .

(4.4)

In this chapter, we consider an alternative representation, in which the channel is
described by a d2 × d2 matrix

Γi j =
1
d

Tr
�

PiΦ(P j)
�

, (4.5)

called Pauli transfer matrix (PTM) [148]. This finds a natural application in the
vectorized formalism [164], in which operators are mapped to 1×d2 column vectors
and channels act through their PTMs, by standard matrix multiplication. Let B be an
operator on the Hilbert space. Its vectorized representation reads

|A〉〉=
∑

k

Ak |k〉〉 ,

with Ak = 〈〈k|A〉〉 .
(4.6)

Here 〈〈·|·〉〉 denotes the Hilbert-Schmidt product

〈〈A|B〉〉 :=
1
d

Tr
�

A†B
�

, (4.7)

with B any operator on the Hilbert space, and |k〉〉 the kth element of the Pauli basis.
The normalization factor d, eventually absorbed by the substitution Pk → Pk/

p
d,
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guarantees the orthonormality of the Pauli basis with respect to the inner product.
The action of the channel Φ on A reads

Φ(A) = Γ |A〉〉 ,

with Γi j = 〈〈i| Γ | j〉〉 .
(4.8)

Conversely, the PTM of a quantum channel can be traced back to its Kraus decompo-
sition. Consider the Choi representation of Φ, namely

Λ=
∑

i j

|i〉〈 j| ⊗Φ(|i〉〈 j|) , (4.9)

with {|i〉 with i = 0, 1, . . . , d} the basis of the n-qubit Hilbert space [165]. A reshuf-
fling transformation bijectively relates the PTM and the Choi matrix, whose spectrum
leads back to the original Kraus representation of the channel [163]. By definition,
the following properties of hold.

Proposition 2. Consider a n-qubit system, with dimension d = 2n. Let Φ be a quan-
tum channel, and Γ its PTM. The TP condition implies that

Γ0 j = δ0 j . (4.10)

with 0 ≤ i, j ≤ d2 − 1 and δi j denoting the Kronecker delta. If the channel is unital,
i.e. Φ(1) = 1, then also

Γi0 = δi0 . (4.11)

Proof. This follows by substituting the TP condition in the PTM, combined with the
properties of the Pauli basis, i.e. that Tr

�

P j

�

= dδ0 j and that P jP j = 1.

The above statement summarizes the basic properties and constraints of PTMs. Fur-
ther simplifications hold for Pauli channels, namely those channels with Kraus repre-
sentation generated by Pauli operators only, e.g. the bit-flip, the depolarizing or the
dephasing models [82]. Importantly, the PTM of a Pauli channel is diagonal [166].

4.2 Tomographic reconstruction

Quantum process tomography seeks to reconstruct an unknown quantum channel Φ
from the statistics of a collection of experimental configurations. Namely, it applies a
set of measurements {Ei} to different input states {ρ j}. We call each couple of input
state and output measurement (Ei,ρ j) experimental configuration, or simply config-
uration. After gathering sufficient statistics, i.e. after many experimental repetitions
over multiple copies of the same state ρ j, the outcome associated with (Ei,ρ j) reads

pi j = Tr
�

EiΦ(ρ j)
�

. (4.12)

From the completeness relation, this can be written in terms of the PTM as [148]

p = αΓβ , (4.13)
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with

αi j =
1
d

Tr
�

EiP j

�

, (4.14)

βi j = Tr
�

Piρ j

�

. (4.15)

We refer to α and β as reconstruction matrices. Their inversion, if exists, yields the
PTM in terms of the measurement, namely

Γ = α−1pβ−1 . (4.16)

In practical situations, the PTM is reconstructed using a tomographic fitter instead
of Eq. (4.16), for example a least-squares minimization or a maximum likelihood
estimation [167, 168]. For simplicity, we bypass the above approaches, by comparing
our method (which can also be adapted to them) against the linear inversion solution
given by Eq. (4.16).

We discuss a specific set of configurations, which provides a direct reconstruction
of the PTM from the experimental data. Consider the states

ρ0 =
1

d
, ρk =

1+Pk

d
for k = 1, 2,3, . . . , 22n − 1 , (4.17)

which can be compactly written as

ρk =
1
d

�

(1−δ0k)1+Pk

�

. (4.18)

These states are mixed, except for n = 1, i.e. for a single qubit, and k ̸= 0. In the
next sections, we discuss normalization and positive definiteness, as well as different
strategies for their preparation. Under the action of the channel, they evolve as

Φ(ρk) =
1
d

�

(1−δ0k)Φ(1) +Φ(Pk)
�

. (4.19)

The expectation value of the ith element of the Pauli basis reads

〈Pi〉Φ(ρ j) = Tr
�

PiΦ(ρ j)
�

. (4.20)

By substitution of Eq. (4.19), we write Eq. (4.20) in terms of the PTM as

〈Pi〉Φ(ρ j) = (1−δ0 j)Γi0 + Γi j . (4.21)

Once inverted, it gives

Γi j =

¨

〈Pi〉Φ(ρ0) for j = 0

〈Pi〉Φ(ρ j) − 〈Pi〉Φ(ρ0) for j ̸= 0
(4.22)

⇒ Γi j = 〈Pi〉Φ(ρ j) − (1−δ0 j)〈Pi〉Φ(ρ0) . (4.23)

Notice that this expression consistently satisfies the properties of Proposition 2. More-
over, it provides a direct mapping between each PTM entry and, at most, two exper-
imental configurations. For this reason, we refer to this technique as Pauli transfer
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PTM

=

DPTM Experimental Configurations

Figure 4.1: Direct reconstruction of an unknown quantum channel Φ. Two types of
experimental configurations are considered. A first measurement characterizes the
non-unital column of the PTM. The results in each row are then subtracted to those
of the second set of experimental configurations, completing the characterization of
the remaining entries. Independently of the number of qubits, the reconstruction of
each entry requires at most 2 experimental configurations. Figure adapted from [3].

matrix direct reconstruction (DPTM). We summarize the protocol in Fig. 4.1. The re-
lationship between these results and those of quantum process tomography follows
by substituting Eq. (4.18) in Eq. (4.16). With Ei = Pi and

pi j = 〈Pi〉Φ(ρ j) , (4.24)

the reconstruction matrices read

αi j = δi j , βi j = (1−δ0 j)δi0 +δi j . (4.25)

Once inverted, they yield

α−1
i j = δi j , β−1

i j = δi j − (1−δ0 j)δi0 . (4.26)

By direct substitution, this expression reduces to Eq. (4.23). This means that our
method represents a particular choice of basis and observables for quantum process
tomography. Nevertheless, in the next section we show that this basis requires fewer
resources, i.e. experimental configurations, when reconstructing a single PTM entry.
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4.2.1 Positivity of the tomographic basis

In this section, we show that the operators of Eq. (4.18) fulfill all the requirements of
density operators, i.e. Hermiticity, unit trace and positive semidefiniteness, namely,
that they are eligible choices of states. Hermiticity is straightforward, while unit
trace follows by observing that Tr[Pk] = 0 for k ̸= 0. For positive semidefiniteness,
we consider the representation of density operators in terms coherence vectors [169].
Let {Sm} the coefficients of the characteristic polynomial of the matrix representation
of ρ, recursively defined as

Sm =
1
m

m
∑

j=1

(−1) j−1 Tr
�

ρ
j
k

�

Sm− j , (4.27)

with S0 = 1, m = 0, 1, . . . , d and the summation indexes explicitly reported. This
relation is obtained by writing Eq. (24) from [169] as a series, with S0 = 1 the coef-
ficient of the highest-order term in the characteristic polynomial of ρk. A necessary
and sufficient condition for ρk being positive semidefinite is that Sm ≥ 0 ∀m. We
apply it below.

Proposition 3. Consider a n-qubit system, with dimension d = 2n and Pauli operator
basis {Pk with k = 0,1, 2,3, . . . , d2 − 1}. The Hermitian, unit-trace operators

ρk =
1+Pk

d
for k = 0, 1,2, 3, . . . , d2 − 1 (4.28)

are positive semidefinite. Hence, they are quantum states.

Proof. For any k, consider

A=
1+Pk

2
, (4.29)

which is positive semidefinite if and only if ρk does. A direct computation yields
Aj = A and Tr
�

Aj
�

= d/2. For A, Eq. (4.27) reads

Sm =
d

2m

m
∑

j=1

(−1) j−1Sm− j . (4.30)

Extracting the first term of the series and collecting a minus sign, we get

Sm =
d

2m

�

Sm−1 −
m
∑

j=2

(−1) j−2Sm− j

�

. (4.31)

Translating j → j + 1,with the sum now running from 1 to m − 1, and writing
Eq. (4.30) for Sm−1, we obtain a recursive relation

Sm =
d

2m

�

1−
2(m− 1)

d

�

Sm−1 . (4.32)
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With δ = 1+ d/2, this yields

Sm > 0 for 0≤ m< δ , (4.33)

Sm = 0 for δ ≤ m≤ d , (4.34)

which implies that Sm ≥ 0 ∀m. This result does not depend on k, nor do the coeffi-
cients Sm and the roots of the characteristic polynomial, i.e. on the eigenvalues of A.
Hence, A is positive semidefinite for any choice of Pk and consequently so is ρk.

4.2.2 Mixed state preparation

In this section, we address the problem of preparing the characterization states of
Eq. (4.18). Indeed, this discussion applies to any set of input, possibly mixed, states.
For n = 1, i.e. a single qubit, k = 0 labels the only mixed state of the set. Its imple-
mentation can be achieved either through an ancilla-assisted approach: by preparing
the system in the maximally entangled state

|Ψ0〉=
1
p

2

1
∑

k=0

|k〉 ⊗ |k〉a , (4.35)

and tracing out the ancillary qubit

ρ0 = Tra

�

|Ψ0〉〈Ψ0|
�

, (4.36)

or by classical random generation of its pure components

|ψ0〉 ∈ {|0〉 , |1〉} with p(|0〉) = p(|1〉) =
1
2

. (4.37)

Notice that this is equivalent to preparing the state ψ = |0〉〈0| and applying the
quantum channel

E0(ψ) =
1
2
ψ+

1
2

XψX , (4.38)

yielding ρ0 = E0(ψ). Starting from this, we discuss the n-qubit preparation of a set
of, eventually mixed, states {ρk with k = 0, 1,2, 3, . . . , d2−1}. Consider {ψk with k =
0,1, 2,3, . . . , d2−1} a set of d2, linearly independent, pure states. Purity is required to
consider states that can be easily and procedurally generated. Let E be the channel
that maps each state to an element of the target set, i.e. ρk = E(ψk) ∀k. In the
vectorized representation

ρk = Λψk , (4.39)

with Λ denoting the PTM of E . We split the preparation of the target set into the gen-
eration of a set of pure states and the subsequent simulation of a quantum channel.
Using {ρk} and {ψk}, we compute E . This problem can be translated in the tomo-
graphic framework: finding a channel that provides the desired collection of input
and output states. In this case, Eq. (4.16) reads

Λ= πB−1 , (4.40)
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sQPT → DPTM

ρj

Pi

ρnQj EΛ Φ

Figure 4.2: Preparation of the DPTM states from the standard quantum process to-
mography (sQPT) basis, implemented through the simulation of the channel E given
by Eq. (4.40). The output is subsequently fed into the characterization of the un-
known channel Φ, according to Eq. (4.23). Figure adapted from [3].

where Ei = Pi and

Bi j = Tr
�

Piψ j

�

, (4.41)

πi j = Tr
�

PiE(ψ j)
�

= Tr
�

Piρ j

�

. (4.42)

Since both {ρk} and {ψk} are known, we can computeΛ and procedurally simulate it,
e.g. with methods like “PTM.to_instruction()” from the Qiskit package. For n= 1, the
channel that prepares the states of Eq. (4.18), using the standard quantum process
tomography basis [82], reads

Λ=







1 0 0 0
0 1 0 0
0 0 1 0
1
2 −1

2 −1
2

1
2






. (4.43)

Although non-unital, this channel is almost trivial, since the two bases differ only for
k = 0 when n= 1. We summarize this discussion in Fig. 4.2. In the next section, we
provide a full comparison.

4.3 Comparison with standard process tomography

In this section, we perform a detailed comparison between the Pauli transfer matrix
direct reconstruction (DPTM), and standard quantum process tomography (sQPT).
We investigate under which conditions the former provides an advantage in terms
of tomographic resources, i.e. the number of experimental configurations needed.
With Eq. (4.23), we established a direct relation between PTMs and experimental
configurations. When the channel is completely unknown, the resource cost is fixed
by the dimensionality of the system, independently of the characterization method,
i.e. d2 input states coupled to d2 Pauli measurements. However, when some prior
knowledge about the channel is already available (e.g. unitality or its, eventually
incomplete, Kraus representation), the direct reconstruction allows to easily drop
those experimental configurations already fixed by the initial information. In this
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case, the number of configurations reduces, and our method shows an advantage
over quantum process tomography. See Table 4.1 for examples of resource costs for
different channel types. Similar reductions apply to any partial extraction of the
PTM, e.g. in the characterization of known theoretical models, in the estimation of
unknown quantum parameters, or in assessing the unitality of a quantum channel.
Consider n= 1. The operator basis contains four elements

P0 = 12 , P1 = X , P2 = Y , P3 = Z , (4.44)

while the computational basis states read {|0〉 , |1〉}. Alternative bases can be obtained
by applying the above operators, yielding

|±〉=
|0〉 ± |1〉
p

2
, (4.45)

|±i〉=
|0〉 ± i |1〉
p

2
. (4.46)

By substitution in Eq. (4.18), the DPTM states read

ρ0 =
1
2

�

|0〉〈0|+ |1〉〈1|
�

, (4.47)

ρ1 = |+〉〈+| , (4.48)

ρ2 = |i〉〈i| , (4.49)

ρ3 = |0〉〈0| . (4.50)

Previously, we discussed the preparation of ρ0, which is the only mixed state in this
set. The others are pure and can be prepared as

{ρk = |ψk〉〈ψk| with k = 1,2, 3} , (4.51)

|ψ1〉= H |0〉 , |ψ2〉= SH |0〉 , |ψ3〉= |0〉 , (4.52)

with H and S respectively the Hadamard and the phase gates. For any state ρ, each
Pauli measurement 〈Pi〉 can be always obtained from a Z-measurement, i.e. by ap-
plying a unitary transformation ρ→ UρU†, so that

〈P1〉= Tr [ZHρH] , (4.53)

〈P2〉= Tr
�

ZHS†ρSH
�

, (4.54)

〈P3〉= Tr [Zρ] , (4.55)

where we used that

P1 = HP3H , P2 = SHP3HS† , P3 = Z . (4.56)

Each transformation translates the respective Pauli measurement to a simple count of
the 0, 1 occurrences in the computational basis. For example, if

�

�ψ f

�

= c0 |0〉+ c1 |1〉
is a pure final state, eventually obtained by applying a unitary transformation to the
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Classes of
channels

Generic
map

Trace
preserving

Unital
channel

Pauli
channel

Resources
(# of experimental

configurations)
d4 d2(d2 − 1) (d2 − 1)2 d2 − 1

Table 4.1: Resource cost for different types of constraints, in terms of the number of
experimental configurations to collect all the data and complete the reconstruction.
Table adapted from [3].

evolved one, then 〈Z〉ρ f
= |c0|2 − |c1|2. The DPTM configurations follow by coupling

each input state to the set of Pauli measurements in all the possible ways, namely

M D
i j := 〈Pi〉Φ(ρ j) . (4.57)

Then
¨

Γi0 = M D
i0 ,

Γi j = M D
i j −M D

i0 for j ̸= 0 .
(4.58)

In terms of reconstruction matrices αD and βD, this gives α−1
D = 1 and

β−1
D =







+1 −1 −1 −1
0 +1 0 0
0 0 +1 0
0 0 0 +1






. (4.59)

When the channel is unital, the identification is completely direct and Γi j = M D
i j .

For Pauli channels, it further simplifies to Γkk = M D
kk. In both cases, the uncertainty

is directly determined by that of measurement, without post-processing or further
error propagation. For comparison, consider the protocol of sQPT, in which the set
of Pauli measurements is usually coupled to the set of states

ρQ
0 = |1〉〈1| , ρQ

1 = |+〉〈+| , ρQ
2 = |i〉〈i| , ρQ

3 = |0〉〈0| . (4.60)

Since the Pauli measurements are the same as above, we still obtain α−1
Q = 1. How-

ever, the different choice of input states modifies βQ, whose inverse now reads

β−1
Q =

1
2







+1 −1 −1 −1
0 +2 0 0
0 0 +2 0
+1 −1 −1 +1






. (4.61)

The sQPT configurations are obtained by combining each input state to the set of
Pauli measurements in all the possible ways, yielding

MQ
i j := 〈Pi〉Φ
�

ρQ
j

� . (4.62)
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Explicitly, it follows that

Γi0 =
1
2

�

MQ
i0 +MQ

i3

�

, (4.63)

Γi1 =
1
2

�

−MQ
i0 + 2MQ

i1 −MQ
i3

�

, (4.64)

Γi2 =
1
2

�

−MQ
i0 + 2MQ

i2 −MQ
i3

�

, (4.65)

Γi3 =
1
2

�

−MQ
i0 +MQ

i3

�

. (4.66)

For each PTM entry, sQPT requires more experimental configurations than DPTM,
and more resources in terms of post-processing recombinations of the data into the
desired outcome. For example, a full characterization of a single-qubit Pauli channel
costs 8 configurations using sQPT, but only 3 configurations with DPTM.

Finally, we compare the cost of both techniques when reconstructing a single PTM
entry on n-qubit systems. On the one hand, DPTM scales always in the same way:
independently of the dimension, the characterization states are given by Eq. (4.18),
while the reconstruction matrix shows high sparsity, namely

β−1
D =











+1 −1 . . . −1

0
... 0 0

... 0
.. .

...
0 0 . . . +1











. (4.67)

On the other hand, the n-qubit basis of sQPT is obtained by taking all the possible n-
fold Kronecker products of ρQ

i . The reconstruction matrix reads (βQ)⊗n, with inverse
(β−1

Q )
⊗n. We compare the performance of the above methods, by defining ||Γi j||D and

||Γi j||Q as the number of experimental configurations respectively required by DPTM
and sQPT. For n = 1, i.e. a single qubit, we have ||Γi1||Q = 3. We demonstrate that,
independently of the number of qubits, DPTM performs exponentially better than
sQPT in single-entry reconstructions. We summarize the advantage in Fig. 4.3.

Theorem 1. Consider a n-qubit quantum system, and an unknown channel Φ. Let Γ
be its Pauli transfer matrix, reconstructed using DPTM and sQPT. Then

max
i j
||Γi j||D ≤min

i j
||Γi j||Q <max

i j
||Γi j||Q , (4.68)

with the strict equality satisfied only for n= 1. Indeed

||Γi j||D =

¨

1 for j = 0

2 for j ̸= 0
, (4.69)

while

min
i, j
||Γi j||Q = 2n , (4.70)

max
i, j
||Γi j||Q = 3n . (4.71)
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n

2E+01
3E+02
4E+03
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1E+06
2E+07
3E+08
4E+09

1E+12

3E+14

7E+16

# of configurations

Full QPT
min|| ij|| for sQPT
max|| ij|| for sQPT
max|| ij|| for DPTM

Figure 4.3: Number of experimental configurations to reconstruct a single PTM en-
try, with respect to the number of qubits n (log2 for both axes). DPTM provides an
exponential advantage when reconstructing a single PTM entry, outperforming sQPT
∀n > 1. The shadowed area represents the possible cost when completing the same
task with sQPT. On top, the number of resources needed for a full process tomogra-
phy, i.e. the reconstruction of the whole PTM. Figure adapted from [3].

Proof. Eq. (4.69) is a direct consequence of Eq. (4.23). On the other hand, the sQPT
reconstruction have

Γ = MQ(β−1
Q )

⊗n . (4.72)

The result follows from Eq. (4.61), by respectively counting the minimum and max-
imum number of non-zero entries in the n-fold Kronecker product β−1

Q .

4.3.1 Example with amplitude damping channels

Consider a single-qubit amplitude damping channel, with Kraus operators

K0 =

�

1 0
0
p

1− p

�

, (4.73)

K1 =
�

0
p

p
0 0

�

. (4.74)

Here, p describes the transition probability from the state |1〉 to |0〉, e.g. when the
system loses energy by spontaneous emission [82]. For reference, we compute the
PTM of the channel, which reads

Γ =







1 0 0 0
0
p

1− p 0 0
0 0
p

1− p 0
p 0 0 1− p






. (4.75)
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Figure 4.4: Reconstruction of a single-qubit amplitude damping channel. Simulation
performed with Qiskit Aer, estimating the expectation values with 512 shots, i.e.
experimental repetitions. The results of DPTM and sQPT are represented respectively
by the left and right bars. The dashed lines represent analytical results. The error bars
represent the standard error and are obtained by uncertainty propagation. Figure
adapted from [3].

We discuss the characterization of the non-trivial components of this matrix, namely
Γ11, Γ22, Γ30 and Γ33, for p = 0.25. In practice, we simulate the experimental config-
urations of Eqs. (4.57) and (4.62). Both DPTM and sQPT are compatible with the
theoretical prediction. However, DPTM achieves the same task using fewer experi-
mental configurations: only 4 against the 8 required by sQPT. Additionally, the are
differences in terms of statistical uncertainties. Indeed, sQPT combines more data
into the same entries, potentially worsening the error propagation, while DPTM uses
mixed states, which produces different statistics at the output. We report the results
in Fig. 4.4.

4.3.2 Example with depolarizing correlated channels

We consider a two-qubit depolarizing correlated channel, where the amount of cor-
relation is measured by a parameter µ ∈ [0,1] [143, 170–175]. In general, Pauli
correlated channels admit the following Kraus representation

Φ(ρ) =
3
∑

α1α2=0

pα1α2
Kα1α2

ρK†
α1α2

,

with Kα1α2
= σα1

⊗σα2
.

(4.76)
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ρ4
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|0⟩ H

Φ
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|0⟩ E1

(a)

ρ6

|0⟩
E2 Φ

H

|0⟩ S† H

(b)

Figure 4.5: Tomographic circuits for estimating (a) Γ44 and (b) Γ66, using the Pauli
transfer matrix direct reconstruction. In both cases, the mixed states are imple-
mented through a quantum channel Ei. Figure adapted from [3].

Correlations are modelled through the Markov chain

pα1α2
= pα1

pα2|α1
, (4.77)

pα j |αi
= (1−µ)pα j

+µδαiα j
, (4.78)

where
p= [1− p, px , py , pz]

T ,

with p = px + py + pz .
(4.79)

Here, µ= 0 describes a memoryless channel, e.g. a noisy system in which the qubits
are completely uncorrelated. On the other hand, µ = 1 describes a full-memory
channel, i.e. when the qubits exhibit complete correlation. From Eq. (4.76), a depo-
larizing correlated channel is obtained by choosing

p= [1− 3p/4, p/4, p/4, p/4]T . (4.80)

We compare DPTM and sQPT when extracting only the parameters p andµ, from a set
of tomographic configurations. By direct computation, the PTM yields the following
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relations

Γ44 = 1− p , (4.81)

Γ66 = (1− p)(µp− p+ 1) . (4.82)

Inverting them, gives the parameter as p← Γ44 and µ← Γ44, Γ66. On the one hand,
sQPT provides the required entries using 15 experimental configurations {MQ

i j}, with
the Pauli basis as observables and the states obtained from all the possible 2-fold
Kronecker products of the single-qubit set. The reconstruction matrix reads (β−1

Q )
⊗2.

Mathematically, this yields

Γ44 = −
1
4

MQ
40 −

1
4

MQ
43 +

1
2

MQ
44 +

1
2

MQ
47 −

1
4

MQ
4(12) −

1
4

MQ
4(15) , (4.83)

along with

Γ66 =
1
4

MQ
60 −

1
2

MQ
62 +

1
4

MQ
63 −

1
2

MQ
64 +MQ

66+

−
1
2

MQ
67 +

1
4

MQ
6(12) −

1
2

MQ
6(14) +

1
4

MQ
6(15) .

(4.84)

On the other hand, DPTM provides the same components, using only 2 configura-
tions. Namely

Γ44 = M D
44 , (4.85)

Γ66 = M D
66 , (4.86)

with the Pauli basis as observables and input states given by Eq. (4.18). In this case,
the input states are prepared as follows. For Γ44, the observable is P4 = X ⊗ I , while
the input state reads

ρ4 =
(12 + X )⊗12

4
= |+〉〈+| ⊗

12

2
, (4.87)

with the completely mixed state is prepared through the channel

E1(ψ) =ψ/2+ XψX/2 ,

with ψ= |0〉〈0| .
(4.88)

For Γ66, the observable is P6 = X ⊗ Y , while the input state reads

ρ6 =
1+ X ⊗ Y

4
. (4.89)

We prepare it by initializing the system to ψ= |0〉〈0| and applying the channel

E2(ψ) =
1
2

UψU† +
1
2

V UψU†V † , (4.90)

U = CNOT(S ⊗1)(H ⊗1) , (4.91)

V = (1⊗ Z)(1⊗ X ) . (4.92)
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The circuit implementation of these configurations is reported in Fig. 4.5. We simu-
late these circuits, choosing p = 0.25 and µ= 0.75, so that the expected results read
Γ44 = 0.750 and Γ66 ≃ 0.703. We simulate the reconstruction, using Qiskit Aer with
2048 shots, i.e. experimental repetitions. We obtain

DPTM→

¨

Γ44 = 0.749± 0.015

Γ66 = 0.710± 0.016
, (4.93)

and

sQPT→

¨

Γ44 = 0.756± 0.015

Γ66 = 0.705± 0.016
. (4.94)

Both methods agree with the theoretical expectations. Again, DPTM performs better
than sQPT: it requires fewer experimental configurations under the same number of
shots and with compatible uncertainties.

4.4 Discussion

In this chapter, we considered the tomographic reconstruction of the Pauli transfer
matrix of a quantum channel. In general, quantum process tomography performs a
set of measurements on different experimental configurations, i.e. by changing the
input state and/or the observable at the output of the channel. The results contribute
to each element of the PTM. We presented an alternative technique, which directly
reconstructs the PTM from the experimental outcomes. In principle, our approach
differs only in the choice of the input states. Remarkably, this choice simplifies both
the experimental implementation and the post-processing analysis. It exponentially
reduces the number of configurations that contribute to a single matrix element,
while keeping the same number of experimental repetitions. Indeed, our method
requires (at most) 2 experimental configurations for each PTM entry, independently
of the dimension of the system. This paves the way to more efficient (and scalable)
experimental implementations of tomographic protocols, with fewer computational
circuits or optical setups. This exponential gain is lost if one needs to reconstruct the
whole PTM rather than few matrix elements. However, there are many situations
where few entries are sufficient to recover the required channel characteristics, e.g.
for multiparameter estimations in quantum metrology [176], or in assessing the uni-
tality of a quantum channel. In contrast to other techniques like shadow tomography
[177, 178], our approach does not improve the statistics of the reconstruction, since
the total number of shots, or copies of the state, remains unchanged. Importantly,
fewer settings can mitigate the systematics due to hardware errors while speeding up
the overall experiment, by reducing the number of times the apparatus needs to be
prepared in a different configuration. Our method truly shines when only a subset
of the PTM has to be found, e.g. when characterizing known models like Pauli chan-
nels. In the next chapter we consider an explicit example, in which only a partial
knowledge of a Pauli channel is needed to compute the noiseless expectation value
of a Pauli observable.



CHAPTER 5

QUANTUM DECONVOLUTION

Excuse me! Would you mind stopping that noise?

James T. Kirk, Star Trek IV: The Voyage Home

NOISE and errors can affect the measurement outcome of any experiment. In-
deed, noise sensitivity remains one of the main drawbacks that prevents
quantum computers from outperforming their classical counterparts. Until

quantum error correction is fully deployed [179–182], noise mitigation techniques
are employed to reduce errors and improve the experimental results [39, 164, 183–
185]. In this regard, we have already reviewed quantum channels, which provide a
dynamical description of open quantum systems that interact with their environment,
e.g. noisy systems. The characterization of such processes usually involves resource-
hungry methods, e.g. quantum process tomography. Previously, we introduced a
direct reconstruction technique that uses fewer tomographic resources, by leverag-
ing the Pauli transfer matrix representation of the channel. In this chapter, we apply
the same formalism to noise mitigation, i.e. to compute the noiseless expectation
value of any observable from the noisy data.

We discuss a deconvolution technique [4, 186], which performs mitigation by
means of a tomographic reconstruction formula that acts like a postprocessing oper-
ation on the noisy outcome, without introducing modifications to the system. Our
method applies to any multiqubit (possibly correlated) channel, provided its inverse
map mathematically exists, even if not physically implementable. We introduce an
operational framework that is more suitable for multiqubit implementations. Our
method works in general, e.g. it does not require Markovian correlations. In the
specific but important case of Pauli channels [166], it provides a quadratic speedup
over other reconstructions. We show that the noiseless expectation value can be to-
mographically reconstructed by performing local Pauli noisy measurements, whose
number depends on the complexity of the target observable, after rescaling them by

84
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the corresponding entries of the Pauli transfer matrix of the channel. This method
works independently of the number qubits and does not require the complete inver-
sion of the noise map. For this reason, the deconvolution of Pauli noise can take
advantage of the direct reconstruction technique discussed in the previous chapter.
Our protocol also applies to non-Pauli channels, with reduced efficiency. In this case,
the deconvolution requires the complete inversion of the Pauli transfer matrix, show-
ing the same scaling of quantum process tomography.

This chapter is built upon the results of [4].
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5.1 Channel deconvolution

Consider an open system with quantum state ρ, surrounded by an environment.
Ideally, a measurement of an observable O would give 〈O〉ρ = Tr[Oρ]. However, the
presence of the environment modifies this outcome, by acting on the system state
before the measurement. In practice, this process is described by a quantum channel,
i.e. a linear CPTP operation Φ that maps the ideal, i.e. noiseless, state into a noisy
one

ρ→ Φ(ρ) . (5.1)

In terms of expectation values, the quantum channels introduce noise in the mea-
surement outcome as

〈O〉ρ→ 〈O〉Φ(ρ) = Tr[OΦ(ρ)] . (5.2)

We summarize this setup in Fig. 5.1. Different noise models include the dephasing,
the depolarizing and the amplitude damping channels [82]. In this section, we dis-
cuss the reconstruction of the ideal outcome from the noisy expectation value, i.e.
the inversion of Eq. (5.2). In general, quantum channels cannot be physically in-
verted [187], i.e. it is not always possible to find a CPTP map Θ such that Θ ◦Φ= 1.
We discuss a method called noise deconvolution, which provides the ideal expecta-
tion value of arbitrary operators, by post-processing the data obtained from the noisy
measurement. This protocol applies to any mathematically invertible noise model,
even when its inverse channel is not physically implementable. Consider the channel
Φ and its adjoint Φ∗, i.e. the map satisfying

Tr
�

A†Φ(B)
�

= Tr
�

(Φ∗(A))† B
�

, (5.3)

for any operators A and B. Equivalently, given the Kraus operators {Ki}, a channel
and its adjoint respectively read

Φ(B) =
∑

i

KiBK†
i , (5.4)

Φ∗(A) =
∑

i

K†
i AKi . (5.5)

The inverse map satisfies Φ−1 ◦Φ= 1, yielding

〈O〉ρ = Tr
�

O(Φ−1 ◦Φ)(ρ)
�

= Tr
�

eOΦ(ρ)
�

,

with eO = (Φ−1)∗(O) ,
(5.6)

where, on the right-hand side, we used the definition of adjoint map. By substituting
back the definition of expectation value, it follows that

〈O〉ρ =



(Φ−1)∗(O)
�

Φ(ρ) . (5.7)

This expression, originally derived in [186], yields the ideal, i.e. noiseless, expec-
tation value of an arbitrary observable (or even of a non-observable operator) by
evaluating, instead, the inverted adjoint map over the noisy state. In other proposals
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Figure 5.1: Expectation value of an observable O affected by measurement noise Φ.
Figure adapted from [4].

[188], similar inversions are implemented physically (often only approximately) by
modifying the original channel. Instead, Eq. (5.7) uses the noisy data to calculate
the noiseless value entirely and solely at the data processing stage. The above dis-
cussion is independent of the system dimension and of the choice of basis. In the
next section, we specialize our discussion to multiqubit systems in the Pauli operator
basis.

5.2 Deconvolution using the Pauli transfer matrix

We discuss the deconvolution technique for a system of n qubits, using the Pauli trans-
fer matrix (PTM) representation of the channel, introduced in the previous chapter.
Consider the Pauli operator basis {Pk}, expressed in the vectorized representation

B =
�

|k〉〉 with k = 0,1, 2,3, . . . , d2 − 1
	

, (5.8)

with d = 2n. The PTM of Φ is the d2 × d2 matrix

Γ =
∑

i j

Γi j |i〉〉〈〈 j| ,

with Γi j =
1
d

Tr
�

PiΦ(P j)
�

,
(5.9)

For a generic operator A, the action of the channel becomes a standard matrix mul-
tiplication, namely

ΓΦ |A〉〉=
∑

i j

Γi jA j |i〉〉 . (5.10)

In such formalism, the adjoint channel undergoes the following definition

〈〈A|Φ(B)〉〉= 〈〈Φ∗(A)|B〉〉 ,

with 〈〈A|B〉〉=
1
d

Tr
�

A†B
�

.
(5.11)

Hence, the adjoint PTM, denoted Γ ∗, is precisely the Hermitian conjugate of Γ . In
this representation, the deconvolution formula reads as

〈〈ρ|O〉〉= 〈〈Φ(ρ)| Γ ∗
−1
|O〉〉 . (5.12)
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By expanding the observable in the Pauli operator basis

|O〉〉=
∑

k

Ok |k〉〉 ,

with Ok =
1
d

Tr[PkO]
(5.13)

the deconvolution formula simplifies to

〈O〉ρ =
∑

i j

�

Γ ∗
−1�

i j
Oj〈Pi〉Φ(ρ) . (5.14)

Here, the noiseless outcome is obtained at the post-processing stage, by multiplying
the expectation values of the Pauli components of O, measured in the noisy state
Φ(ρ), by the inverse adjoint PTM of the channel. Eq. (5.14) only requires that Γ
is mathematically invertible. For a Pauli observable O = Pk, the above expression
becomes

〈Pk〉ρ =
∑

i

�

Γ ∗
−1�

ik
〈Pi〉Φ(ρ) . (5.15)

In general, the deconvolution is computationally expensive, since Eq. (5.14) requires
the complete inversion of the channel, even for simple observables. For Pauli chan-
nels, however, the deconvolution definitely simplifies: it is achievable without com-
pletely inverting the PTM, depending on the complexity of the observable. Consider
the Kraus representation of a n-qubit Pauli channel [166], which reads

Φ(ρ) =
∑

i

βiPiρPi ,

with βi ≥ 0 ∀i and
∑

i

βi = 1 .
(5.16)

This map belongs to the class of random unitary channels [189], which consist in
randomly applying the ith Kraus operator with probability βi. In the Pauli basis,
this produces subsequent depolarizing contractions of the Bloch hypersphere, whose
intensity and direction depend on the channel components [190]. The PTM of a Pauli
channel is diagonal, namely

Γ =
∑

i

λi |i〉〉〈〈i| ,

with λi = 〈〈i| Γ |i〉〉 .
(5.17)

Assume that Γ is mathematically invertible, i.e. that λi ̸= 0 ∀ j. As a counterexample,
the completely depolarizing channel is not invertible when p = 1, for which the Bloch
hypersphere collapses to a single point. Since all the Kraus operators are Hermitian,
the adjoint of the Pauli channel is the channel itself, which implies that Γ ∗

−1
= Γ−1.

Moreover, the inverse PTM is diagonal too, yielding

Γ ∗
−1
=
∑

i

1
λi
|i〉〉〈〈i| ,

with Γ−1
ii |i〉〉=

1
λi
|i〉〉 .

(5.18)
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Pauli

Figure 5.2: Expectation value of an observable O affected by Pauli noise Φ. Deconvo-
lution is achieved by rescaling the noisy data with the corresponding diagonal entry
of the Pauli transfer matrix of the channel. Figure adapted from [4].

Consider a generic observable O, expanded in the Pauli operator basis as in Eq. (5.13).
Then, the deconvolution formula simplifies to

〈O〉ρ =
∑

k

dOk〈Pk〉Φ(ρ)
Tr[PkΦ(Pk)]

. (5.19)

For Pauli channels, each component of the observable is rescaled by the correspond-
ing diagonal element of the inverse PTM. Hence, the ideal noiseless outcome (ex-
pected over ρ) is obtained by processing the noisy expectation values (measured on
Φ(ρ)) of only and only those Pauli basis elements that contribute to the expansion of
O. This can lead to further simplifications. For example, consider a Pauli observable,
which in the vectorized notation corresponds to a column vector with only one non-
zero component, i.e. |O〉〉 = |k〉〉. Then, 〈〈ρ|k〉〉 = λ−1

k 〈〈Φ(ρ)|k〉〉, which in standard
non-vectorized notation reads

〈Pk〉ρ =
d〈Pk〉Φ(ρ)

Tr[PkΦ(Pk)]
. (5.20)

This states that the deconvolution of a Pauli observable is always a single rescaling of
the noisy outcome, which depends on the kth diagonal element of the PTM diagonal.
We summarize these results in Fig. 5.2.

Our protocol works for any number of qubits. Even in the presence of correla-
tions, it requires only local measurements of each element of the operator basis. For
Pauli channels, the resource complexity, i.e. the number of PTM elements to be com-
puted, scales with the number of non-zero components of the expansion of O on the
operator basis. When O is a Pauli observable, the deconvolution always requires a
single measurement and one PTM entry, independently of the number of qubits. On
the other hand, when O is a generic observable, the deconvolution requires a mea-
surement on the entire basis and the computation of all the d2 diagonal PTM entries.
In the worst-case scenario, it considerably reduces the number of PTM entries needed
over the inversion-based method of [186], which always requires d4 operations. This
is a quadratic speedup. When noise cannot be modelled by a Pauli channel, as it often
occurs in real devices, the speedup is not immediately achievable. However, generic
noise models are usually split in terms of Pauli and non-Pauli (but simpler) contri-
butions. See for example [186], where the decoherence of Rigetti Aspen-9 is as a
composition of a dephasing (Pauli) and an amplitude damping (non-Pauli) channel.
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In the vectorized representation, the composition of multiple channels reduces to the
product of their PTM. Even in this case, their deconvolution can be treated separately,
with still a quadratic advantage on the Pauli terms, which then acts as a rescaling of
the non-Pauli rows or columns. Alternatively, twirling techniques can be employed
to remove the off-diagonal elements of the PTM [166, 191], which effectively map
the original channel to a Pauli one.

So far, we have assumed that the Pauli channel is known a priori. This assump-
tion simplifies the analysis, but it is not necessary: we can still estimate the PTM
using the direct reconstruction technique discussed in the previous chapter [3]. In
this case, the number of tomographic resources, i.e. the number of experimental
configurations needed, depends on the number of components of the observable O,
expanded in the Pauli operator basis. In Algorithm 5.1, we show how to combine
the two methods, providing a parallel characterization of the PTM. For non-diagonal
PTMs, the deconvolution requires the full knowledge of the channel, which can be
obtained through standard quantum process tomography.

Algorithm 5.1 Channel deconvolution

Input: Observable O Optional: Pauli channel Φ
Result: Expectation value

1: get {Ok with k = 0, 1,2, 3, . . . , d2 − 1} ▷ See Eq. (5.13)
2: for k such that Ok ̸= 0 do
3: measure 〈Pk〉Φ(ρ)
4: if Φ is known then
5: get Γkk ▷ See Eq. (5.9)
6: else
7: prepare ρk = (1+Pk)/d
8: measure 〈Pk〉Φ(ρk)
9: get Γkk ▷ See DPTM

10: compute 〈O〉ρ ▷ See Eq. (5.19)

In the next section, we discuss the deconvolution for several examples of Pauli
and non-Pauli channels. We also take into account correlations, by demonstrating
our method on a specific class of maps, in which a parameter µ ∈ [0, 1]measures the
amount of memory of the channel [143, 170–175].

5.2.1 Example with full Kraus decomposition

Before taking advantage of the PTM representation, we illustrate the deconvolution
of a specific class of two-qubit correlated channels, following the method illustrated
in [186]. This approach consists in an explicit calculation of the Kraus decomposi-
tion of the inverse channel. In the next sections, we show some examples on how
Eq. (5.19) can simplify such task, bypassing the Kraus decomposition, independently
of the number of qubits. Consider the Kraus representation of a two-qubit (bit, bit-
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phase, phase) flip correlated channel

Φk(ρ) =
∑

αβ∈{0,k}

pαβKαβρK†
αβ

,

with Kαβ = σα ⊗σb and k ∈ {1,2, 3} .
(5.21)

Here, different values of k yield a different Pauli generator of the noise, e.g. the bit
flip (k = 1), the bit-phase flip (k = 2) and the phase flip (k = 3) channels. The noise
process is parametrized by the coefficients pαβ , which the condition

∑

αβ

pαβ = 1 . (5.22)

Correlations are described by the Markov chain

pαβ = pαpβ |α , (5.23)

pβ |α = (1−µ)pβ +µδαβ . (5.24)

The parameter µ represents the degree of correlation between the two qubits. For
k = 1, the bit-flip correlated channel reads

Φ1(ρ) = p00P0ρP0 + p01P1ρP1 + p10P4ρP4 + p11P5ρP5 . (5.25)

For simplicity, assume p1 = p and p0 = 1− p. We compute the PTM of the channel
and write the result as a block matrix. Namely

Γ1 =







M1 0 0 0
0 M1 0 0
0 0 Q1 0
0 0 0 Q1






. (5.26)

Here

M1 =







1 0 0 0
0 1 0 0
0 0 q1 0
0 0 0 q1






, Q1 =







q1 0 0 0
0 q1 0 0
0 0 q2 0
0 0 0 q2






, (5.27)

where

q1 = 1− 2p , (5.28)

q2 = 4(p− p2)(µ− 1) + 1 . (5.29)

Its inverse is obtained by taking the reciprocal of each diagonal element. Besides the
coefficient values, the inverse PTM has the same form of the original one. Then, the
inverse adjoint map shares the same generator of Φ. Indeed, we get

(Φ−1
1 )
∗(O) = q00P0OP0 + q01P1OP1 + q10P4OP4 + q11P5OP5 , (5.30)
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with

q00 =
1

4q2
+

1
2q1
+

1
4

, (5.31)

q01 = q10 =
1
4
−

1
4q2

, (5.32)

q11 =
1

4q2
−

1
2q1
+

1
4

. (5.33)

We perform the same computation for the bit-phase (k = 2) and phase (k = 3) flip
correlated channels, getting

Φ2(O) = p00P0OP0 + p02P2OP2 + p20P8OP8 + p22P10OP10 , (5.34)

Φ3(O) = p00P0OP0 + p03P3OP3 + p30P12OP12 + p33P15OP15 . (5.35)

With p2 = p3 = p and p0 = 1− p, the PTMs respectively read

Γ2 =







M2 0 0 0
0 Q2 0 0
0 0 M2 0
0 0 0 Q2






, Γ3 =







M3 0 0 0
0 Q3 0 0
0 0 Q3 0
0 0 0 M3






, (5.36)

where

M2 =







1 0 0 0
0 q1 0 0
0 0 1 0
0 0 0 q1






, Q2 =







q1 0 0 0
0 q2 0 0
0 0 q1 0
0 0 0 q2






, (5.37)

and

M3 =







1 0 0 0
0 q1 0 0
0 0 q1 0
0 0 0 1






, Q3 =







q1 0 0 0
0 q2 0 0
0 0 q2 0
0 0 0 q1






. (5.38)

Similarly, we recover the Kraus representation of the inverted-adjoint maps, yielding

(Φ−1
2 )
∗(O) = q00P0OP0 + q01P2OP2 + q10P8OP8 + q11P10OP10 , (5.39)

(Φ−1
3 )
∗(O) = q00P0OP0 + q01P3OP3 + q10P12OP12 + q11P15OP15 . (5.40)

Consider the set of Pauli observables {σi ⊗ σ j with i, j = 1,2, 3}. Before explicitly
discussing the deconvolution of the observables, we review some limit cases that we
expect to retrieve in our final results. From to the CPTP condition, it follows that
Φk(σk⊗σk) = σk⊗σk, i.e. that the noise does not affect the measurement outcome
along its own direction. When the two qubits are completely correlated, the noise has
no effect on any measurement of the Pauli matrices. Namely, when µ= 1 then p01 =
0. This, together with the normalization condition, ensures thatΦk(σi⊗σ j) = σi⊗σ j.
When the two qubits are uncorrelated, the noise factorizes in terms of its single qubit
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contributions [186]. Namely, for µ = 0 we get Φk(σi ⊗σ j) = (1− 2p)2σi ⊗σ j. For
the expectation value of the observable σi ⊗σ j, the deconvolution formula reads

〈σi ⊗σ j〉ρ = 〈(Φ−1
k )
∗(σi ⊗σ j)〉Φk(ρ) . (5.41)

Since
σkσiσk = (2δki − 1)σi , (5.42)

we obtain
〈σi ⊗σ j〉ρ =
�

q00 + q01(2δk j − 1) + q10(2δki − 1)

+ q11(2δki − 1)(2δk j − 1)
�

〈σi ⊗σ j〉Φk(ρ) .
(5.43)

Notice that the deconvolution is a rescaling of the noisy outcome. In particular, con-
sider the observable σ3 ⊗σ3 affected by a bit-flip channel, i.e. for k = 1. We get

〈σ3 ⊗σ3〉ρ =
〈σ3 ⊗σ3〉Φ(ρ)1

4(p− p2)(µ− 1) + 1
. (5.44)

These results correctly reproduce the above limit cases, for uncorrelated (µ= 0) and
completely correlated (µ = 1) channels. In the next section, we perform the same
task using a broader class of channels, by leveraging their PTM representation instead
of the full Kraus decomposition of their inverses.

5.2.2 Example with Pauli correlated channels

We consider the class of Pauli correlated channels, for a system of n qubits. In general,
they admit the following Kraus representation

Φ(ρ) =
3
∑

α

pαKαρK†
α

,

with Kα = σα1
⊗σα2

⊗ . . .⊗σαn

(5.45)

with multi-index α= (α1,α2, . . . ,αn). Correlations are modelled through the Markov
chain

pα = pα1
pα2|α1

. . . pαn|αn−1
, (5.46)

pα j |αi
= (1−µ)pα j

+µδαiα j
, (5.47)

where
p= [1− p, px , py , pz]

T ,

with p = px + py + pz .
(5.48)

This type of correlation provides only an example: it is not a requirement of our de-
convolution technique. Here, µ represents the degree of correlation between couple
of qubits. On the one hand, µ= 0 represents a memoryless channel, that is when the
qubits are completely uncorrelated. On the other hand, µ = 1 describes a channel
with perfect memory, i.e. with completely correlated qubits. By a proper choice of p,
we can use Eq. (5.45) to introduce correlations in processes such as the bit-flip, the
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Figure 5.3: (a) Depolarizing correlated channel, with n= 3, degree of correlations µ
and probability p = 0.00052. Simulation performed using Qiskit Aer for 8192 shots,
plotted with respect to the number m of subsequent applications of the noise map.
The dashed horizontal line represents the ideal, i.e. noiseless outcome. (a) Noisy
outcome plotted for different values of µ. (b) Deconvolution for µ = 0.25. Figure
adapted from [4].

dephasing and the depolarizing noise. For example, the bit-flip correlated channel
corresponds to

p= [1− p, p, 0, 0]T , (5.49)

while the depolarizing channel can be obtained by choosing

p= [1− p, p/3, p/3, p/3]T . (5.50)

Consider the observable O = σz ⊗ . . .⊗σz, affected by Pauli correlated noise Φ. In
this case, only one entry of the PTM is needed to recover the noiseless expectation
value. Indeed, the deconvolution formula yields




σ⊗n
z

�

ρ
= fn(p,µ)



σ⊗n
z

�

Φ(ρ) , (5.51)

where the reconstruction factor reads

fn(p,µ) =
2n

Tr
�

σ⊗n
z Φ(σ⊗n

z )
� . (5.52)
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We explicitly compute the reconstruction factor for different number of qubits. For a
bit-flip correlated channel, n= 1, 2,3, 4 gives

f1(p,µ) =
1

1− 2p
, (5.53)

f2(p,µ) =
1

1+ 4(µ− 1)(1− p)p
, (5.54)

f3(p,µ) =
1

(1− 2p)[1+ 4(µ− 1)2(p− 1)p]
, (5.55)

f4(p,µ) =
1

4(µ− 1)(1− p)p[µ2 + 4(µ− 1)2p2 − 4(µ− 1)2p−µ+ 2] + 1
. (5.56)

For a depolarizing correlated channel, the same computation yields

f1(p,µ) =
1

1− p
, (5.57)

f2(p,µ) =
1

1+ (µ− 1)(2− p)p
, (5.58)

f3(p,µ) =
1

(1− p)[1+ (µ− 1)2(p− 2)p]
, (5.59)

f4(p,µ) =
1

(µ− 1)(2− p)p[µ2 + (µ− 1)2p2 − 2(µ− 1)2p−µ+ 2] + 1
. (5.60)

For completely uncorrelated qubits (µ= 0), the deconvolution factorizes in terms of
its single-qubit contributions. When the qubits are completely correlated (µ = 1),
the noise has no effect for n even, while it is corrected by a single-qubit term for n
odd. Consider n = 3 and the system initialized in ρ = |000〉〈000|. In Fig. 5.3, we
plot the effect of the depolarizing correlated channel, with respect to the number of
subsequent applications of the noise map. When the correlation among qubits in-
creases, so does the noisy intensity. Then, we simulate the deconvolution technique,
successfully reproducing the noiseless expectation value.

5.2.3 Example with non-Pauli channels

For discussing non-Pauli channels, we consider a two-qubit amplitude damping cor-
related channel. For n = 1, the amplitude damping noise is defined by the Kraus
operators

E0 =
�

1 0
0
p

p

�

, (5.61)

E1 =

�

0
p

1− p
0 0

�

, (5.62)

where 1−p represents the probability that the system loses a qubit, e.g. by emitting a
photon [82], and it plays the role of channel transmissivity, e.g. in the case of optical
fibers. When n= 2, the amplitude damping correlated channel can be obtained as a
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convex combination of a memoryless amplitude damping channel with a memoryful
one

Φ(ρ) = (1−µ)Φ(0)(ρ) +µΦ(1)(ρ) ,

with Φ(ℓ)(ρ) =
3
∑

j=0

K (ℓ)j ρK (ℓ)†j ,
(5.63)

and ℓ ∈ {0,1}. For the memoryless and memoryful components, the Kraus operators
read

K (0)0 = E0 ⊗ E0 , K (0)1 = E0 ⊗ E1 , K (0)2 = E1 ⊗ E0 , K (0)3 = E1 ⊗ E1 , (5.64)

K (1)0 = |0〉〈0|+ |1〉〈1|+ |2〉〈2|+pp |3〉〈3| , (5.65)

K (1)1 =
p

1− p |0〉〈3| . (5.66)

Consider the set of Pauli observables {σx ⊗ σx , σy ⊗ σy , σz ⊗ σz}, of which we
measure the expectation value on the noisy state Φ(ρ). In this case, computing the
noiseless expectation value requires the complete knowledge and the inversion of the
channel PTM. Then, the deconvolution formula yields

〈σx ⊗σx〉ρ = f (p,µ)
�

µ(
p

p− 1)〈σy ⊗σy〉Φ(ρ)
+ [2p(1−µ) +µ(pp+ 1)]〈σx ⊗σx〉Φ(ρ)

	

,
(5.67)

Notice that, in contrast to what happens with Pauli channels, the deconvolution of a
Pauli observable is not a simple rescaling of the noisy outcome. The same computa-
tion yields

〈σz ⊗σz〉ρ = g(p,µ)
�

(µ− 1)2(p− 1)2

+ 〈σz ⊗σz〉Φ(ρ) − (µ− 1)(p− 1)〈1⊗σz +σz ⊗1〉Φ(ρ)
�

.
(5.68)

Analogously, 〈σy⊗σy〉ρ can obtained by exchanging the indexes x ↔ y in Eq. (5.67).
Here

f (p,µ) =
1

2
�

µ
�

p−pp
�

− p
�

[µ(p− 1)− p]
, (5.69)

g(p,µ) =
1

[p+µ(1− p)]2
. (5.70)

When the qubits are completely uncorrelated (µ = 0) the noise deconvolution fac-
torizes in terms of the single-qubit contributions (See [186] for the deconvolution of
the single-qubit amplitude damping channel, with p = 1− γ). When the two qubits
are completely correlated (µ= 1) the noise has no effect on 〈σz ⊗σz〉.

5.3 Discussion

In this chapter, we discussed a method for the deconvolution of multiqubit noise
models, described by mathematically invertible quantum channels. This procedure
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returns the ideal expectation value of arbitrary observables from the noisy data. For
Pauli channels, our prescription bypasses the inversion of the noise map, as well as its
Kraus decomposition, providing the noiseless outcome through a sequence of rescal-
ings of the noisy Pauli measurements: using only few components of the PTM. In this
case, the number of entries needed quadratically reduces with respect to the general
scenario. Whenever the channel is unknown, this technique can be combined with
the direct reconstruction method discussed in the previous chapter [3], bypassing
the full quantum process tomography of the system. As shown in the simulation,
our technique can be applied to any multiqubit Pauli channel, e.g. the bit-flip or
the depolarizing correlated channels. For channels that do not belong to this class,
the deconvolution still works with reduced efficiency, requiring the complete com-
putation (and inversion) of the channel PTM. Mathematical invertibility remains a
fundamental assumption. It could be bypassed by discussing deconvolution with
pseudoinverse PTMs or by projecting the channel into an injective domain, e.g. as in
Petz recovery maps [192]. This can overcome the limitations posed by non-singular
channels: the deconvolution of a completely depolarizing channels, which collapse
the entire Bloch sphere to a single point, represents a greater challenge. Unlike other
approaches, our protocol can be passively implemented in post-processing: it does
not require further experimental configurations, nor active modifications of the origi-
nal system. For this reason, its range of applicability includes and surpasses quantum
computing. Indeed, it applies to any quantum measurements on noisy states, e.g. it
can be used to reverse open quantum dynamics [193, 194].
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CHAPTER 6

QUANTUM BINARY PHASE
ESTIMATION

I don’t know half of you half as well as I should like; and I like less than
half of you half as well as you deserve.

Bilbo Baggins, The Fellowship of The Ring by John R. R. Tolkien

MEASUREMENTS on quantum systems can be performed directly or by interac-
tion with a probe. Usually, the result of this process is encoded in a phase
transformation, whose retrieval provides information by indirect means.

Several tasks undergo this description, such as quantum metrology protocols [195–
197], which are typically modelled in terms of an interferometric phase shift. Ex-
amples include displacement interferometry [198], clock synchronization [199], key
distribution [200, 201] and imaging [202, 203]. There are multiple strategies to
estimate a quantum phase, including computational approaches [82, 204, 205], in-
terferometry [49, 206–209] and Bayesian methods [210].

In this chapter, we focus on information encoded in phase. We introduce an
optical protocol for the estimation of an unknown phase value, by means of a two-
mode interferometric setup, whose response function approximates a square wave.
In the ideal case, the mode where the photon exits identifies a single bit of the binary
expansion of the unknown phase, whose significance is controlled by the response
period, i.e. by the number of phase shifts applied to the photon. Combining all the
binary outputs provide a full phase estimation at arbitrary uncertainty. This step
can be performed sequentially, or in parallel without feedforward propagation. Our
strategy does not require training [211–213]. The shape of the response function
is determined by a fixed sequence of parameters. This ensures modularity in con-
trolling the square wave approximation, giving the possibility to extend or shorten
the interferometer without further optimization. A protocol is considered optimal
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when it reaches the Heisenberg limit, i.e. when it undergoes the precision scaling
set by the quantum bounds [214–217]. We show that our method is equivalent to
a binary search protocol, which undergoes the Heisenberg scaling in the number of
phase shifts experienced by each photon. Such scaling is attained immediately, and
not asymptotically, since statistics is not required to complete the search. The proto-
col requires no prior information, i.e. it is a global estimation method.

This chapter is built upon the results of [5]. The underlying code that generated the
data for this study is openly available in GitHub [218].
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Estimation

Figure 6.1: Binary phase estimation. Each line represents one photon going through
the interferometer and providing a single bit of the binary expansion of the unknown
phase ϕ. At the jth step (line), the interferometer reproduces a square-wave re-
sponse with period [0,2π/2 j), and Fourier expressivity determined by the number D
of subsequent applications of W (whose optical design is reported in Fig. 6.2). The
true phase value is sketched by the dashed vertical line. Combining all the outputs
completes the estimation, with uncertainty determined by the number of iterations
performed. The number of unknown phase transformations, i.e. the resource cost of
the protocol, is controlled by the depth of the interferometer and by the number of
iterations (which determines the resolution of the binary expansion). See Section 6.3
for a discussion. Figure adapted from [5].

6.1 Square wave interferometer

We consider the problem of estimating an unknown phase ϕ ∈ [0, 2π], encoded by
the unitary operator P(ϕ). We combine a set of beam splitters and phase transforma-
tions into a two-mode interferometer, which takes single-photon states as input. We
do so by appending a sequence of unitary blocks W (called modules), with behaviour
controlled by the phase parameters {θi}. This provides a modular, i.e. extendible,
structure. Ideally, the interferometric response function reproduces a square wave.
When a photon goes through it, the probability of exiting the first mode yields one
bit of the binary expansion of ϕ. The square wave period, controlled by the num-
ber of subsequent applications of P(ϕ), determines which of the bits is returned. In
practice, the interferometric response approximates the truncated Fourier series of
the square wave. In this case, the truncation order is determined by the number of
subsequent applications of W (with parameters changed at each composition). The
deeper the interferometer, the richer is the Fourier expressivity. Alternatively, a mul-
tiround implementation can be attained, where the truncation order is fixed by the
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Figure 6.2: Interferometric module. (a) Optical implementation of W (k jϕ,θi), for
k j = 1. In mode 1, the photon undergoes three phase transformations, each sepa-
rated by a beam splitter. Subsequent applications of W (with different θi) approxi-
mate the truncated Fourier series of the square wave. (b) First iteration (k j = 1) af-
ter D subsequent applications of W , represented as a single-qubit circuit. The circuit
depth determines the Fourier truncation order. Subsequent iterations are reported in
Fig. 6.1, for k j = 1,2, . . . , 2 j. Figure adapted from [5].

number of rounds a single photon makes on the same module, with phase parame-
ters changed at each passage. See Fig. 6.1, which illustrates the estimation protocol,
and Fig. 6.2 for the optical design of the interferometric module.

We mathematically discuss this setup. Consider a binary estimation made of
n ∈ N+ iterations, each associated with an interferometer, whose response function
approximates a square wave with period [0,2π/k j), where j ∈ {0, . . . , n − 1} and
k j = 2 j. We adopt the dual-rail encoding, where photons can only propagate in two
orthogonal modes, labelled by the quantum states |0〉 and |1〉, i.e. a qubit. The pho-
ton is initially injected in mode 0. Consider a fixed set of known phase parameters

θ = {θi}i∈N ,

with i ∈ {1, . . . , D} .
(6.1)

We define the following operator, which constitutes the building block of our inter-
ferometric setup. Namely

W (k jϕ,θi) = P(k jϕ)HP(θi)HP(k jϕ) , (6.2)

where H is the Hadamard gate (implemented by a 50:50 beam splitter), and

P(k jϕ) =

�

1 0
0 exp
�

ik jϕ
�

�

, (6.3)
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a phase shift transformation. Optically, this operator is equivalent to applying three
phase shifts to mode 1, each interspersed by a beam splitter [219]. Consider D sub-
sequent applications of W (each with a different parameter θi), followed by a final
beam splitter, i.e. a Hadamard gate. We measure the expectation value of the pro-
jector Π0 = |0〉〈0|, i.e. the ratio of photons p jD in mode 0, yielding

p jD(ϕ) = 〈0|U†(k jϕ,θ )Π0U(k jϕ,θ ) |0〉 ,

with U(k jϕ,θ ) = H
D
∏

i=1

W (k jϕ,θi) .
(6.4)

From P(k jϕ) |0〉= |0〉, it follows that

U(k jϕ,θ ) |0〉= HP(k jϕ)eU(k jϕ,θ ) |0〉 , (6.5)

where
eU(k jϕ,θ ) = L(θ1)P(2k jϕ)L(θ2) · · · P(2k jϕ)L(θD) ,

with L(θi) = HP(θi)H .
(6.6)

By Stone’s theorem [220], we write the Phase gate in term of its generator, namely

P(2k jϕ) = exp
�

2k jϕ |1〉〈1|
�

, (6.7)

which has spectrum {0, k j}. Using the spectral decomposition [221], the interfero-
metric response reads

p jD(ϕ) =
∑

q∈I

cq(θ )exp
�

ik jqϕ
�

,

with I ⊆ {−2D+ 1,−2D+ 2, . . . , 2D− 1}
(6.8)

This is a truncated Fourier series, with period
�

0,2π/k j

�

and coefficients fixed by θ .
Notice that the depth of the interferometer determines the truncation point of the
series, i.e. the higher D is, the more accurate the approximation of the square wave.
We summarize the whole setup in Fig. 6.2, which represents the first iteration of the
binary search estimation. The subsequent iterations are obtained by progressively
doubling k j.

6.2 Binary phase search

We combined the bits, obtained at the interferometer output at each iteration j ∈
{0, . . . , n− 1}, and perform a binary estimation of the unknown phase ϕ, with arbi-
trary uncertainty ϵ. Consider a sequence of square waves { f j} j∈N, obtained through
the periodic extension of the step function

f j(ϕ) =







1 for ϕ ∈
�

0, πk j

�

0 for ϕ ∈
�

π
k j

, 2π
k j

� , (6.9)
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which, as we show in our simulations below, approximates the interferometer re-
sponse p jD(ϕ). At each iteration, f j partitions the interval [0, 2π) in 2 j+1 subsets of
size π/k j, namely

��

mπ
k j

,
(m+ 1)π

k j

�

with m= 0,1, . . . , k j+1 − 1

�

. (6.10)

Each subset is associated with a classical bit, 0 or 1, which corresponds to the value
of f j(ϕ), and approximated by p jD(ϕ). Combining the bits identifies which subset
includes the true value of the unknown phase. In practice, we obtain each bit by
measuring the jth ratio of photons in mode 0 at the output of the interferometer. The
result is rounded to the nearest binary digit, with threshold at 1/2. The process is
repeated, each time doubling the value of k j, which subsequently halves the response
period as f j+1(ϕ) = f j(2ϕ). The estimation halts as soon as the partition size becomes
double the uncertainty, namely

2ϵ =
π

kn−1
, (6.11)

and the number of iterations reads

n= log2

�π

ϵ

�

. (6.12)

If n /∈ N+ we round it down to the first integer, such that 2ϵ = inf j π/k j. Denoting em
the index of the decision outcome, we estimate the unknown phase ϕ as

eϕ =
(2em+ 1)π

2n
±
π

2n
. (6.13)

The full method is outlined in Algorithm 6.1. Alternatively, the above procedure can
be parallelized using n interferometers, each set to a different value of k j. Although
the parallel strategy brings no advantage in terms of resource counting, it does not
rely on the feedforward propagation of the sequential one.

Algorithm 6.1 Binary phase estimation

Input: Phase ϕ, uncertainty ϵ
Output: Estimation eϕ

1: initialize b← (0, . . . , 0)
2: initialize j← 0
3: while π/2 j ≥ 2ϵ do
4: measure p jD(ϕ) ▷ See Eq. (6.4)
5: if p jD(ϕ)≥ 1/2 then set b j ← 1
6: else set b j ← 0

7: increment j← j + 1
8: get b← NOT(b)
9: get b← Reverse(b)

10: convert em← b020 + b121 + . . .+ bn−12n−1

11: estimate eϕ ▷ See Eq. (6.13)



Chapter 6. Quantum binary phase estimation 105

6.3 Metrological resources and Heisenberg bound

In resource counting, the metrological figure of merit is represented by the number
np of unknown phase shifts P(ϕ) underwent by each photon [206, 222]. For k j = 1,
a single application of W costs 2 resources. Since P(k jϕ) corresponds to k j compo-
sitions of single phase shifts, W (k jϕ,θi) requires 2k j resources. After D subsequent
applications of W , the cost of approximating a binary iteration f j is 2Dk j. The binary
search method consists in repeating the above protocol, doubling the value of k j until
condition ϵ = π/2n is met. The total cost becomes

np = 2D
∑

j

k j = 2D
�π

ϵ
− 1
�

, (6.14)

where we used that k j = 2 j, Namely, the protocol requires O(Dπϵ−1) resources, with
uncertainty scaling as O(n−1

p ). Hence, our strategy reaches optimality with respect
to the Heisenberg bound, with uncertainty obtained by averaging the mean squared
error over a single interval of the partition. Indeed, consider the ideal response f j,
restricted to a single period of size 2L = 2π/k j. For simplicity, we neglect the Gibbs
fluctuations of the interferometric response function. The mean squared error is
defined as

Σ2( eϕ) =
1
L

∫ 2L

0

dϕ f j(ϕ) (ϕ − eϕ)
2 , (6.15)

where we introduced a factor, which guarantees that f j/L is normalized on [0, 2L).
Since f j vanishes on [L, 2L), this explicitly reads

Σ2( eϕ) =
1
L

∫ L

0

dϕ
�

ϕ2 − 2 eϕϕ + eϕ2
�

=
L2

3
− L eϕ + eϕ2 . (6.16)

By taking the average on [0, L], i.e. on a single partition created by the square wave,
we get

〈Σ2〉=
1
L

∫ L

0

d eϕ Σ2( eϕ) =
L2

6
, (6.17)

At the jth step 2ϵ = L, which yields 〈Σ2〉 ≃ n−2
p . Besides Eq. (6.14), our protocol

undergoes the Heisenberg bound also with respect to the mean squared error of the
estimator. Notice that this is not automatically guaranteed: an estimation strategy
may be Heisenberg-limited in the number of resources while undergoing the stan-
dard quantum limit in the variance of the estimator [206] (see also binary elimina-
tion [223]). Finally, our results are also connected to the π-corrected Heisenberg
bound [216], up to a constant overhead because the square wave is achieved only
approximately. Notice that protocols that perform below the Heisenberg bound are
usually not attainable, since they would require more prior information, making the
whole estimation strategy ineffective [224].
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Figure 6.3: Comparison between the square wave and the optical response p jD, ob-
tained as the ratio of photons observed in mode 0. Simulation performed with Qiskit
Aer, sampled for 300 evenly-spaced phases ϕ ∈ [0, 2π) and 1000 shots, for different
choices of depth D, α and k j. (a) Simulation performed with α = π/2, k j = 1, and
different depths D. The response function shows a binary behaviour, with approxi-
mation accuracy that increases with the interferometer depth. (b) Simulation with
D = 16 and k j = 1, plotted for different values of α. As α increases, the extrema of
p jD approximates 0 and 1, up to a critical value, after which the output departs from
the expected behaviour. (c) Response function simulated with D = 16 and α= π/2,
plotted for different values of k j. As k j increases, the response period is progressively
halved, representing different iterations of the binary search. To enhance visualiza-
tion, each response is renormalized to k j: all the outputs have true range in [0,1].
Figure adapted from [5].

6.4 Simulations of the interferometric response function

We consider a specific (and fixed) set of parameters that simulates the square wave.
We evaluate the interferometer response by simulating the circuit of Fig. 6.2 when

θi =
α

2i − 1
,

with i ∈ {1, . . . , D} and α ∈ R+ .
(6.18)

The results are reported in Fig. 6.3. Under this choice of parameters, the output
reproduces a square wave, with accuracy depending on the interferometer depth.
Indeed, the identification between the square wave and the interferometric response
holds only approximately. The truncated Fourier series of the square wave admits
both negative and greater-than-one values. Such values are strictly forbidden at the
interferometer output, which is probabilistic, i.e. p jD(ϕ) ∈ [0, 1] ∀ϕ ∈ [0,2π). This
constraint is counterbalanced by α, which can be set to saturate the infimum and
supremum of p jD(ϕ) to 0 and 1, respectively. Consider the square wave f j with
period [0,2π/k j) and range [0, 1]. By direct computation [225], the Fourier series
of the square wave reads

f j(ϕ) =
1
2
+
∑

q

2
πq

sin
�

qk jϕ
�

, (6.19)
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Figure 6.4: Comparison between the square wave f j and the optical response func-
tion p jD. Results obtained by direct numerical computation, for 300 evenly-spaced
phases ϕ ∈ [0, 2π), and different truncation orders D. The interferometric response
is computed exactly, with no statistical sampling method involved. (a) Truncated
Fourier series of f j, renormalized to the range [0, 1]. (b) Interferometer response
p jD, evaluated for β = 1 and α = π/2. (c) Interferometer response p jD, evaluated
for β = 2 and α= π/2. Figure adapted from [5].

with q ∈ 2N+ 1. Its first-order truncation yields

f j(ϕ)≃
1
2
+

2
π

sin
�

k jϕ
�

. (6.20)

We compare this expression with the interferometer response p jD, computed for D =
1. To this extent, consider a broader class of fixed phase parameters

θi = α/(β i + 1− β) ,

with α,β ∈ R+ and i ∈ {1, . . . , D} ,
(6.21)

which reduces to Eq. (6.18) for β = 2. Then

p j1(ϕ) =
1
2
+

1
8

Re
�

exp
�

ik jϕ
�

(exp(−iα)− exp(iα))
�

=
1
2
+

1
2

sinα sin
�

k jϕ
�

.
(6.22)

Independently of the choice of β , we guarantee that max p j1(ϕ) = 1 and min p j1(ϕ) =
0, by choosing

α= π/2 mod 2π , (6.23)

We numerically evaluate f j and p jD, for different truncation orders D, and ensure
a representative comparison by renormalizing the truncated Fourier series of f j, so
that its range becomes [0,1]. The results are reported in Fig. 6.4, for different values
of β . For β = 1, p jD better approximates f j. When β = 2, p jD better saturates its
extrema to 0 and 1, while mitigating the Gibbs phenomenon.
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6.5 Discussion

We introduced an interferometric setup for the estimation of an unknown phase
value. In principle, it can approximate any response function, with accuracy de-
termined by the interferometer depth, which controls the number of Fourier modes
that contribute to the response function. In practice, we considered an ad hoc archi-
tecture, whose response is a square wave, bypassing the optimization of the inter-
ferometer parameters. This choice rephrases the estimation task as a binary search
problem, which can estimate the unknown phase at arbitrary uncertainty. Our pro-
tocol is compatible with parallel, sequential and multiround strategies. Importantly,
it undergoes the Heisenberg scaling in the number of phase transformations, with no
prior information required.

As a generalization of our method, it is possible to train the parameters θ to
approximate an arbitrary response function, with Fourier expressivity controlled by
the circuit architecture [75]. Instead, we focused on a fixed set of parameters. This
choice brings several advantages. On the one hand, it bypasses the training pro-
cedure, i.e. the additional cost of repeating the protocol for enough optimization
epochs. On the other hand, it provides modularity, i.e. it makes possible to extend
the interferometer, improving the truncation accuracy without having to reoptimize
the former parameters.



CHAPTER 7

QUANTUM ARRIVAL TIME

Duration and extension are attributes of things,
but time and space are taken to be outside of
things and serve to measure them.

Gottfried W. Leibniz [226]

CLASSICALLY, the time at which an object occupies a specific position can be
computed by inverting its trajectory, which is uniquely determined from the
dynamics and initial conditions. When the position is that of a detector, the

time at which the detector clicks is known as time of flight or arrival time. The com-
putation of the arrival time of a quantum particle is far more complicated. Quantum
mechanics requires each observable to be described by a self-adjoint operator, which
acts on the Hilbert space of the system, or by a positive-operator valued measure.
The quantization of a classical system is usually performed by means of the corre-
spondence principle, i.e. by promoting each classical observable to a self-adjoint
operator on the Hilbert space. This procedure cannot be directly employed for time,
which is a (scalar) parameter in textbook quantum mechanics. Several reasons lie
behind this obstruction, e.g. the Pauli objection [44]: since the energy is responsible
for time translations, any time operator must be conjugated to an energy operator
whose spectrum then, must be continuous and unbounded. However, the Hamilto-
nian does not usually satisfy such a condition, preventing the possibility to directly
construct a self-adjoint time operator. Nevertheless, experiments usually compute the
arrival time using the semiclassical approximation [227], which holds only in regimes
where quantum effects can be neglected, namely when the particle is approximated
by a well localized wave packet, with negligible spatial uncertainty compared to the
detector size [228].

To overcome the limitations of the semiclassical approximation, several quantum
time and arrival time formulations have been formulated [229, 230], some within
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the framework of standard quantum mechanics, e.g. through canonical quantiza-
tion [231–233] or advocating different constructions [234–240], others derived from
extensions or alternative formulations of the textbook theory [241–248], or using
Bohmian mechanics [249–252]. In this chapter, we review and compare some of
these proposals, by analysing the interference patterns in the arrival time distribu-
tion, for a superposition of Gaussian wave packets in different regimes, schemati-
cally represented in Fig. 7.1. We discuss a possible experimental implementation to
discriminate between these theories, with the superposition generated by applying
Bragg diffraction [253] to a Bose-Einstein condensate trapped in an accelerator ring
[254].

This chapter is built upon the results of [6].
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Figure 7.1: Qualitative representation of the regimes considered in our com-
parison. A particle is initially prepared in a superposition of two Gaussian
wave packets. When the packets overlap near the detector, arrival time in-
terference is observed. (a) In this regime, two packets with initial average
positions x0, x1 cross the detector from the same side, with average mo-
menta p0, p1. A limit case is provided by the overtaking condition, in which
the packets completely overlap at the detector with the same average arrival
time. (b) In this scenario two wave packets cross the detector from opposite
directions. We refer to this regime as counterpropagating. Figure adapted
from [6].
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7.1 Preliminaries on Gaussian packets

Consider a Gaussian wave packet, which we use to evaluate the proposals in differ-
ent regimes and for different superpositions. Denote x0 the initial position, p0 the
momentum and σ0 the standard deviation [255]. The wave function of the packet
reads

ψ(x , 0) =
1

(πσ2
0)1/4

exp

�

−
(x − x0)2

2σ2
0

+
ip0(x − x0)
ħh

�

. (7.1)

Its time evolution, controlled by the free particle Hamiltonian, reads

ψ(x , t) = A(t)exp

�

− (x − x0 − p0 t/m)2

2σ2
0

�

1+ iħht/mσ2
0

�

�

exp
�

ip0

ħh

�

x − x0 −
p0 t
2m

�

�

, (7.2)

with

A(t) =
�p
π

�

σ0 +
iħht

mσ0

��−1/2

. (7.3)

The probability density reads

|ψ(x , t)|2 = exp

�

− (x − x0 − p0 t/m)2

σ2
0 +ħh

2 t2/m2σ2
0

��

π

�

σ2
0 +
ħh2 t2

m2σ2
0

��−1/2

. (7.4)

From now on, and unless explicitly stated, we work in units of length, time and energy
respectively given by l0 =

p

ħh/mω, t0 = 1/ω and E0 = ħhω, with ω the frequency of
the harmonic trap where the particle is initially located, in the ground state. After
the preparation, the trap is turned off and the particle is kicked so that its probability
density is Eq. (7.4).

7.2 Quantum arrival time distributions

In this section, we review some of proposed arrival time distributions: the semiclas-
sical approximation [227], Kijowski’s axiomatic construction [234, 235], as well as
the proposals in agreement with it [231–233], the quantum flux [236, 249] and the
quantum clock proposals [246, 247]. We denote each arrival time distribution as Π,
specifying the corresponding proposal in the subscript.

7.2.1 Semiclassical far-field regime

Experimentally, time measurements are semiclassically treated as a momentum mea-
surement [249], from which the arrival time distribution reads

ΠS(t) =
mL
t2

�

�

�

�

Ψ̂

�

mL
t

�

�

�

�

�

2

, (7.5)

with Ψ̂(p) denoting Fourier transform of Ψ(x , 0), and L the distance between the
source of the wave and the detector. This distribution gives sensible results only
for those states that possess a classical trajectory interpretation (e.g. Gaussian wave
packets), and for which the width of the wave function at t = 0 can be considered
negligible with respect to the source-detector distance.
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7.2.2 Kijowski’s axiomatic and geometrical approach

One of the possible solutions were proposed by Kijowski [234, 235], who adopts an
axiomatic approach. Kijowski’s axioms can be potentially satisfied by infinitely many
candidates of arrival time distributions Π. However, there exists a unique choice
of Π which best approximates any other possible candidate Π′. This best candidate
provides the same expectation value of any Π′ and a lower bound to its second mo-
ment. Consider a one-dimensional particle with either positive or negative momenta
p, and a detector placed in the origin. The particle is described by a wave function
Ψ with momentum representation supported for either positive or negative values of
p. Respectively, two probability distributions Π+, Π− are obtained

Π±(t) =
1

4π2m
p
ħh

�

�

�

�

�

∫ ±∞

0

dp Ψ̂(p, t)
Æ

|p|

�

�

�

�

�

2

, (7.6)

with m the mass of the particle and

Ψ̂(p, t) = exp

�

−
i t p2

2mħh

�

Ψ̂(p) . (7.7)

Here, Ψ̂(p) denotes the Fourier transform of the wave function at t = 0. Alternatively,
Eq. (7.6) can be written in position representation. This result is due to Leavens
[256], and reads

Π±(t) =
ħh

32πm

�

�

�

�

�

∫ +∞

−∞
dx [Ψ(x , t)−Ψ(0, t)]

1± isign(x)
|x |3/2

�

�

�

�

�

2

. (7.8)

Independently of the representation, for a generic particle whose momentum is not
supported only for positive or negative momenta, Π+ and Π− are combined so that
the total arrival time distribution yields

ΠK(t) =
Π+(t) +Π−(t)

NK
, (7.9)

with normalization constant

NK =

∫ +∞

−∞
dt [Π+(t) +Π−(t)] . (7.10)

See [257] and references therein. Kijowski’s distribution reproduces the same results
obtained by Aharonov and Bohm through the quantization of the classical arrival time
by the correspondence principle [231]. See [258] for a comparison between these
two results. Other proposals reproduce or are at least in agreement with the predic-
tions of Kijowski. For example, in [232] the quantization of the classical arrival time
uses a different symmetric ordering, with respect to the approach of Aharonov and
Bohm. When considering a particle with either positive or negative momentum, this
arrival time distribution has the same form of Π±. An alternative approach consists
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in confining the motion within a given space interval. This idea has been followed
by Galapon, deriving the discrete probability distribution of a particle quantized in
a finite box [233]. In the limit of an infinite interval, this reproduces Π±. In [257],
Leavens discusses some paradoxical behaviours arising from Π±. Indeed, for a parti-
cle that propagates towards an infinite potential barrier, the arrival time distribution
predicts non-vanishing probabilities even in prohibited regions. In this regard, fur-
ther comments are given in [259, 260], while other paradoxes and issues are anal-
ysed in [258]. Finally, Kijowski’s distribution can be obtained by geometrical means,
removing the axioms, and defining the arrival time self-adjoint operator as the Lie
derivative of the vector field that transports wave functions in the momentum space
[261]. In this case, the split into positive and negative momenta signs is induced
by the fact the coordinates, with respect to which the above field is constant, do not
cover the entire momentum space.

7.2.3 Probability current and quantum flux

A straightforward way to obtain an arrival time distribution starts from the definition
of the Schrödinger current operator, or quantum flux, as

J =
p

2m
|x〉〈x |+

1
2m
|x〉〈x | p , (7.11)

with m the mass of the particle, x the eigenvalues of the position operator and p the
momentum operator and its eigenvalues, with a little abuse of notation. By taking
the expectation value of the current, with respect to Ψ(t), it follows that

ΠF(x , t) =
ħh

NF m
Im [Ψ∗(x , t)∂xΨ(x , t)] , (7.12)

with normalization constant

NF =

∫ +∞

−∞
dt ΠF(t) . (7.13)

When the detector is placed in the origin, we denote the arrival time distribution
as ΠF(t) = ΠF(0, t). In general, J is not a positive-definite operator, so it cannot
be interpreted as a probability current [234]. In [236], Delgado and Muga shows
that this interpretation is possible under a specific choice of states. To this extent,
they construct a self-adjoint operator whose orthonormal and complete set of eigen-
states are well-behaved under time translations, while being conjugated not to the
Hamiltonian of the system but to another operator with dimensions of energy. Such
energy-like operator is the Hamiltonian multiplied by the sign of the momentum op-
erator. They show that the current is positive-definite only for states with definite
momentum sign, thus admitting a probabilistic interpretation. The arrival time dis-
tribution is then obtained by projecting such states along the basis of this self-adjoint
temporal-like operator. Alternatively, Eq. (7.12) can also be derived in the frame-
work of Bohmian mechanics [228, 249, 258]. In this case, there exist free particle
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states which forbid the probabilistic interpretation of the quantum flux, leading to
negative probability contributions even for definite momenta signs [249]. This even-
tuality takes the name of quantum backflow, historically introduced by Bracken and
Melloy [262]. In the next sections, we show that even in presence of backflow in the
quantum flux, the other proposals take only positive values. Finally, the quantum flux
can be also obtained by stochastic means. In this case, the distribution is obtained
by applying the method of transformation to position and time, which are treated as
random variables [263, 264].

7.2.4 Quantum clocks in the Page-Wooters mechanism

We have considered proposals that treat time as a label attached to the particle. Al-
ternatively, time may arise as a property of a quantum reference frame [241], i.e.
the quantum clock of a physical system [245]. In the Page and Wooters mecha-
nism, time and dynamics emerge from the entanglement between the system and
the clock [245]. Several criticisms have been addressed to this point of view [265],
which can be overcome by modifying the original mechanism [247]. This extension
correctly reproduces the standard quantum mechanics predictions such as measure-
ments statistics and propagators, under proper conditioning of the entangled state.
In this framework, a well-defined time operator can be constructed, which gives rise
to a time-energy uncertainty relation and bypasses the above-mentioned Pauli objec-
tion [266]. In particular, this formalism can be applied to describe generic quantum
time measurements, such as the arrival time of a particle at the detector. Consider
the Hilbert space of the physical system HS, equipped with an ancillary one HC with
Hamiltonian linear in momentum, which describes time as the quantity measured by
the clock. Notice that linearity is necessary to obtain a Schrödinger dynamics. The
global Hilbert space is constructed as

H =HS ⊗HC , (7.14)

so do the global states |Φ〉 that are the eigenvectors of the total Hamiltonian, under
a constraint with the form of the Wheeler–DeWitt equation [267]. These states are
static, simultaneously encoding the history of the system in a given time interval,
namely

|Φ〉=
1
p

T

∫

T
dt |t〉 ⊗ |Ψ(t)〉 ,

with T = [−T/2, T/2] ,

(7.15)

and T →∞ a regularization parameter. Here, |Ψ(t)〉 denotes the time-dependent
state, considered so far, obtained by conditioning |Φ〉 on t, i.e. on projecting |Φ〉
on |t〉. Consider a dimensionless detector placed at x , a positive-operator-valued
measure (POVM) describes a joint measurement on the particle and on the clock as

Θt = |t〉〈t| ⊗ |x〉〈x | ∀t ∈ T , (7.16)

Θ∗ = 1−
∫

dt Θt , (7.17)
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where each value of t labels a different element of the POVM. For x = 0, combining
the Born rule with the Bayes formula, yields the arrival time distribution as

ΠC(t) =
1

NC(T )
|Ψ(0, t)|2 . (7.18)

Indeed, this is the conditioned probability that the particle arrives at the detector
at time t, with normalization constant NC(T ) that depends on the regularization
parameter T as

NC(T ) =

∫ +T/2

−T/2

dt |Ψ(0, t)|2 . (7.19)

The arrival time distribution becomes independent of regularization if the probabil-
ity that the particle remains at the detector at arbitrary large times is sufficiently
low, namely whenever the integral converges for T → +∞. Alternatively, Freden-
hagen and Brunetti obtained the same distribution in [248], introducing a gener-
alization of quantum states in term of particle weights [268], consistently with the
Gelfand–Naimark–Segal representation theorem. In [269], Höhn, Smith and Lock
show that the Page-Wootters mechanism can be equivalently formulated in the frame-
work of relational dynamics, originally introduced by Rovelli [243]. In [270], Gam-
bini and Pullin combine the Page and Wooters mechanism with Rovelli’s evolving
constant of motions, both for a clock Hamiltonian that is unbounded or bounded-
below. In the former case, i.e. when the clock Hamiltonian is linear in momentum,
this yields the same arrival time distribution of the quantum clock, normalized on
the whole time interval. In this case, and in contrast with Kijowski’s proposal, no
paradoxical behaviour occurs for a particle travelling towards an infinite potential
barrier: ΠC predicts no arrivals in the prohibited regions.

7.2.5 Normalizability

We discuss the normalizability of the arrival time proposals. Consider a Gaussian
wave packet ψ(x , t). In Kijowski’s proposal, the normalization is guaranteed ax-
iomatically, independently from the choice of the packet. For the quantum flux, it
follows that

∂xψ(x , t) =
�

x0 − x + ip0

1+ i t

�

ψ(x , t) . (7.20)

At later times, this yields

Im [Ψ∗(0, t)∂xΨ(0, t)]≃
p0

t3
. (7.21)

Namely, the normalization integral converges on the whole time interval. For the
quantum clock, the probability density of the packet at later times reads

|ψ(0, t)|2 ≃
1
t

exp
�

−p2
0

�

. (7.22)
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Such contribution diverges logarithmically when integrated on the whole time do-
main, namely

NC(T ) =

∫ +T/2

−T/2

dt |ψ(0, t)|2 ≃ 2 exp
�

−p2
0

�

log
�

T
2

�

. (7.23)

In this case, the quantum clock distribution is not normalizable. Unlike the other pro-
posals, ΠC directly depends on the probability density of the wave function, thus it
inherits its properties, including the non-normalizability in time. Such an issue arises
also classically. Consider the motion of a classical cloud that propagates towards a
detector from the left, while spreading due to diffusion. We can describe the proba-
bility density of the cloud using the (square modulus) of the Gaussian wave packet.
When the diffusion of the cloud is non-negligible, with respect to its translation, the
left tail may spread faster than the way it is approaching the detector. This behaviour
is reproduced by Eq. (7.23), where the divergence increases exponentially with the
reciprocal of the momentum. Hence, it is impossible to completely detect the cloud
even by keeping the detector switched on indefinitely.

The above considerations suggest that it is ill-advised to postulate that the arrival
time distribution should be normalized. There are trivial situations in which normal-
ization should not hold at all, such as when the packet is stationary at the detector
position or in the above scenario, when the it spreads so quickly that the trailing tail
has sufficiently large probability to be found at the detector position at arbitrarily
large times. Nevertheless, non-normalizability is not appreciable in usually reason-
able scenarios, since NC is almost constant with respect to the total duration of the
experiment. We report a numerical calculation in Fig. 7.2a. Initially, the normaliza-
tion constant abruptly increases, i.e. when the bulk of the packet approaches the
detector. Then, the integral shows a slow logarithmic growth, produced by the trail-
ing tale of the packet that spreads while crossing the detector. A reasonable choice of
the integration domain produces no numerical difference. From now on, we consider
T = 100 1/ω.

7.3 Comparison using Gaussian packets

In this section, we compare the arrival time proposals, introduced above, in different
regimes. Focusing on the interference patterns produced by Gaussian wave pack-
ets that overlap near a detector, we analyse the distribution of times at which the
particle occupies the detector position, without specializing to any detection model,
experimental apparatus or measurement protocol. Further analysis will be conducted
in future research. The detector cross-sectional area is assumed much greater than
the transversal width of each packet, so that a click can happen whenever a particle
reaches its longitudinal position. Moreover, we restrict to those regimes in which
each packet can be detected at most once, so that its subsequent collapse provides
no contribution in the arrival time distribution.
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Figure 7.2: Arrival time distribution of a single Gaussian wave packet. (a) Quantum
clock normalization constant. (b) Comparison of the different proposals. Figure
adapted from [6].

7.3.1 Single Gaussian packet

Consider the arrival time distribution of a single Gaussian wave packet that travels
towards the detector from the left. Single packets allow a trajectory interpretation.
Hence, we safely employ also the semiclassical approximation. We report the numer-
ical results in Fig. 7.2b, using a packet with initial conditions x0 = −10 l0, p0 = 7 ħh/l0
and σ0 = 1 l0. Here, the quantum clock produces similar predictions, although not
equivalent, to that of Kijowski and of the quantum flux, which overlap in this regime.

7.3.2 Gaussian wave train

Consider a sequence of n Gaussian wave packets, described by the superposition

Ψ(t) =
1
p

n

n−1
∑

k=0

Ψk(t) , (7.24)

whereΨk(t) describe a single Gaussian wave packet. We denote xk and pk the average
position and momentum of the kth wave function, respectively. We callΨ(t)Gaussian
wave train. All the proposals are well-behaved for a Gaussian train that satisfies the
no-spreading condition, i.e. a train for which quantum diffusion is negligible and the
propagation of each packet is approximately a rigid translation [228]. Such can be
employed in Kijowski’s proposal by using the Leavens prescription of Eq. (7.8). In this
regime, each distribution yields an equiprobable sequence of peaks centred around
the classical arrival time |xkm/pk|. When diffusion is taken into account, a similar
behaviour is obtained with a sequence of peaks that show an overall exponential
decay. In the next comparisons, we never make such an approximation and always
consider Gaussian trains that propagate while spreading. We report the numerical
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Figure 7.3: Arrival time distribution of a train of n = 5 Gaussian wave packets,
propagating towards the detector from the left. (a) The wave train satisfies the no-
spreading condition, such that no overlapping happens near the detector. (b) When
spreading is considered, the peak sequence undergoes an exponential decay. In both
cases, the proposals predict compatible results (missing markers are due to sampling
differences).

results in Fig. 7.3, using packets with parameters xk = −10(1+ 3k) l0, pk = 10 ħh/l0
and σ0 = 1 l0. In this regime, all the proposals produce similar results.

7.3.2.1 Copropagating packets

Consider a train of n= 4 Gaussian wave packets that propagate towards the detector
in the same direction. We adjust the parameters of each packet such that they par-
tially overlap near the detector. We compute the arrival time distribution according
to each proposal. We report the numerical results in Fig. 7.4a, using packets with
parameters xk = −2(5+4k) l0, pk = (7+3k) ħh/l0 and σk = 1 l0. In this case, all the
distributions show an interference pattern. However, the quantum clock behaves dif-
ferently from the others, in a way that cannot be compensated by a different choice
of the normalization constant.

Consider a train of n= 2 Gaussian wave packets, respectively localized at x0 and
x1, with momenta p0 and p1. Given p1 > p0, we adjust x1 in such a way that both
wave packets arrive at the detector with the same average arrival time, that is when
the faster but delayed packet overtakes the other one at x = 0. We refer to this last
requirement as an overtaking condition, namely x1/p1 = x0/p0. We report the nu-
merical results in Fig. 7.4b, initializing the packets with x0 = −30 l0, p0 = 10 ħh/l0
and p1 = 15 ħh/l0 and σ0 = σ1 = 1 l0, yielding x1 = −45 l0. In this regime, inter-
ference arises with some marked differences among the proposals. This behaviour
cannot be justified by a proper redefinition of the quantum clock normalization factor.
Moreover, the quantum flux distribution is not positive-definite, hence its probabilis-
tic interpretation is not allowed here. This issue is due to the presence of quantum
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Figure 7.4: Arrival time distribution of a train of n Gaussian wave packets, approach-
ing the detector from the same side. (a) Superposition of n = 4 packets, which
partially overlap near the detector. All the distributions take positive value only, ad-
mitting a probabilistic interpretation. The inset is a zoom-in of the main plot close
to the horizontal axis. (b) Superposition of n= 2 packets, which completely overlap
at the detector under the overtaking condition. The proposals produce significantly
different results. The inset shows that negative probabilities taken by the quantum
flux, due to the presence of backflow. Figure adapted from [6].

backflow [262]. Although both packets have support for positive momenta only, i.e.
they approach the detector from the left, interference may produce a temporary in-
version of the motion at the detector, i.e. both right and left-moving contributions
in the current operator. This yields an arrival time distribution with negative prob-
abilities. In this same regime, backflow can also be analysed in terms of Bohmian
trajectories [249]. Conversely, both Kijowski’s and the quantum clock distributions
remain positive-definite, although they still produce quantitatively different results.

Under the overtaking condition, the number of interference fringes is determined
by the momentum separation between the two packets ∆p = |p0 − p1|. The lower
∆p is, the wider and fewer are the fringes in the arrival time pattern. When this
separation is sufficiently low, interference disappears and a result similar to the single
packet regime of Fig. 7.2b is obtained. In Fig. 7.5a, we show this behaviour for the
quantum clock.

7.3.2.2 Counterpropagating packets

We repeat the same analysis of Fig. 7.4b, using a superposition of packets supported
for both positive and negative momenta values. To this extent, we consider a couple
of counterpropagating Gaussian wave packets, i.e. that cross the detector from two
opposite directions with the same average arrival time. We report the numerical re-
sult in Fig. 7.5b, where the packets are initialized with x0 = −30 l0, p0 = 10 ħh/l0,
x1 = 45 l0, p1 = −15 ħh/l0 and σ0 = σ1 = 1 l0. We compare the predictions of
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Figure 7.5: Arrival time distribution of a train of n = 2 Gaussian wave packets.
(a) Quantum clock prediction for different momentum separation. The lower is the
separation, the wider and less numerous are the interference fringes, until a min-
imum value is reached, and interference completely disappears. This behaviour is
also reproduced by the other proposals, constrained to their regimes of validity. (b)
Comparison for n= 2 counterpropagating packets that meet at the detector with the
same average arrival time. Kijowski’s proposal lacks the interference fringes, while
the quantum flux cannot be applied in this regime. Figure adapted from [6].

Kijowski’s and the quantum clock distributions, while the quantum flux gives mean-
ingless results in this regime. In this case, the anomalous behaviour of the quantum
flux is not related to the presence of quantum backflow, it rather arises from our
choice of packets with opposite momenta signs. Kijowski’s proposal shows no inter-
ference pattern. This is due to how positive and negative momenta independently
contribute to Eq. (7.6), which are separately treated and combined in the final distri-
bution. For the quantum clock, the arrival time distribution is exactly the same as the
one obtained in the copropagating regime, where the packets approach the detector
from the same side. Indeed, two Gaussian wave packets yield

ΠC(t) =
1

NC

�

�

�

�

�

1
∑
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exp
�

−(x2
k + 2i xkpkσ

2
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2
k)/2(σ

2
k + i t)
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�

�

2

, (7.25)

with xk and pk the initial average position and momentum of each packet. Here, the
substitution

¨

x1→−x1

p1→−p1
, (7.26)

preserves the right-hand side of Eq. (7.25), while translating the counterpropagating
regime into the copropagating (or the other way round). This transformation does
not affect the quantum clock distribution, which predicts the equivalence of the two
regimes, when the detector is placed in the origin. Importantly, this symmetry is not



Chapter 7. Quantum arrival time 121

present in Kijowski’s distribution and cannot be observed in the quantum flux, which
is not well defined under such transformations.

7.4 Experimental proposal

In this section, we discuss the possibility to experimentally observe the arrival time
interference patterns described above. Consider the experimental parameters of a
Bose-Einstein condensate trapped in an accelerator ring [254]. Prepare the conden-
sate by using a cloud of 87Rb subject to a harmonic potential. After releasing the
trap, the condensate is loaded and accelerated along a ring of radius R = 443µm.
We describe each atom of the cloud using a Gaussian wave packet that propagates
on the circle of length d = 2πR, with periodic boundary conditions in the interval
[−d/2, d/2], thus both its momentum and energy take discrete eigenvalues

pn =
2πnħh

d
, (7.27)

En =
2π2n2ħh2

md2
. (7.28)

We focus only on the longitudinal degree of freedom, assuming that the cloud is
sufficiently confined and that its transversal spreading is negligible with respect to
length of the ring. As long as the confinement is sufficiently strong, the atoms occupy
only the lowest energy level of the transverse degree of freedom. In this case, the
condensate truly behaves like a one-dimensional system. Hence, each wave packet
is described by

ψ(x , t) =
N
∑

n=−N

an exp
�

ipn(x − x̄0)
ħh

�

exp
�

−
iEn t
ħh

�

, (7.29)

where x labels the curvilinear coordinate on the ring. For a packet with initial spatial
width σ0≪ d, the wave plane coefficients read

an =

�

4πσ2
0

d4

�1/4

exp

�

−(pn − p̄0)2σ2
0

2ħh2

�

. (7.30)

Here. x̄0 and p̄0 respectively denote the initial average position and momentum of the
packet in the period [−d/2, d/2]. For σ0≪ d the tails of the Gaussian are negligible
outside the period, so we can approximate the wave plane coefficients by integrating
the packet on the whole space interval, i.e. by substituting the discrete momentum
eigenvalues in the Fourier transform of the packet. We prepare the superposition of
the above packets, by letting the condensate interact with a standing light wave. Due
to Bragg diffraction, this coherently splits each packet with a momentum transfer
that depends on the angle of incidence of light [253]. Detection is then indirectly
achieved, targeting the condensate with a focused laser beam, which is kept on for
the entire duration of the experiment. The interaction with the beam extracts some
atoms out of the condensate (with almost negligible feedback on the condensate).
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By collecting these atoms (or the photons scattered during the process), we can use
the corresponding extraction rate to reconstruct the arrival time distribution. In this
case, the arrival of the particle is conditioned at the longitudinal position where the
focused laser beam intersects the condensate. This corresponds to virtually placing
a detector in the ring, with temporal resolution controlled by the beam waist of the
laser.

In practice, we place the detector in the origin. Then, we consider a packet with
x̄0 = −d/2, σ0 = 100µm and p̄0 = p450. Using Bragg diffraction, we coherently split
it into another one with same initial position and width, but momentum p̄1 = p350. In
Fig. 7.6a, we plot the arrival time distributions given by the superposition of these two
packets. With these initial conditions a partial overlap occurs, in a similar way it does
in Fig. 7.4a. The quantum clock produces significantly different results from the other
proposals. In this case, the contributions from negative momentum components are
negligible, hence the differences between it and Kijowski’s distribution cannot be
attributed to the incoherent sum of Eq. (7.9), since Π− ≃ 0. We perform the same
analysis for two counterpropagating packets with initial positions x̄0 = x̄1 = −d/2,
and momenta p̄0 = p450, p̄1 = −p400 with same initial standard deviation. We report
the numerical results in Fig. 7.6b. Similarly to what happened in Fig. 7.5b, Kijowski’s
predicts no interference fringes with respect to the quantum clock proposal, so also
in this regime an experimental comparison is desirable.

Finally, taking into account experimental errors, we estimate the minimum amount
of data to achieve the results of this section. Let Π1 and Π2 be two arrival time dis-
tributions. Consider M detector clicks temporally distributed in a histogram with a
certain number of bins. In the kth bin there are two possible outcomes, which are
described by a Bernoulli distribution: the click falls within the bin∆tk with probabil-
ity fk, or it does not with probability 1− fk. Discrimination is possible whenever the
error bar in the kth bin is sufficiently smaller than the vertical separation between
the two distribution

D =

�

�

�

�

�

∫

∆tk

dt [Π1(t)−Π2(t)]

�

�

�

�

�

, (7.31)

namely when ϵk < D/2, with ϵk the standard error on the kth bin. For a Bernoulli
distribution

ϵk =
Æ

fk(1− fk)/M , (7.32)

which implies that the condition to achieve experimental discrimination becomes

M >
4 fk

D2
(1− fk) . (7.33)

Here, fk is approximated by the experimental sample in terms of the relative frequen-
cies Mk/M , with Mk the number of clicks in the kth bin. Then, through a conven-
tional χ2 test we can compare the experimental data with the different theoretical
predictions to determine which of the arrival time proposals correctly reproduces the
measurement outcomes. In Fig. 7.6a, we choose as bin∆tk = [1.29 s, 1.83 s]. We the-
oretically estimate fk by integrating the arrival time distribution that maximises the
lower bound of Eq. (7.33) in ∆tk. In this regime M ≃ 300 clicks (i.e. single packet



Chapter 7. Quantum arrival time 123

1.29 1.5 1.72 1.93 2.15 2.36 2.58
0  

0.2

0.4

0.6

0.8

1  

1.2

1.4

1.7

1.9

2.1
Quantum clock
Quantum flux
Kijowski

(a)

1.29 1.4 1.5 1.61 1.72 1.83 1.93 2.04 2.15 2.26
0  

0.4

0.8

1.2

1.7

2.1

2.5

2.9

3.3

3.7
Quantum clock
Kijowski

(b)

Figure 7.6: Arrival time distributions for a superposition of n = 2 Gaussian wave
packets with periodic boundary conditions on a ring, which mimics the properties
of a Bose-Einstein condensate split using Bragg diffraction. The distributions are
normalized in their respective plot intervals. (a) The detector is located at x = 0,
the two packets are placed at x̄0 = x̄1 = −1.39 mm and propagate clockwise with
p̄0 = 1.07 × 10−25 mmkg s−2 and p̄1 = 0.83 × 10−25 mm kgs−2. Under these initial
conditions, the packets partially overlap at the detector. For this reason, no quantum
backflow is observed. (b) The second packet is initially placed at x̄1 = −1.39 mm,
but it propagates counterclockwise with p̄1 = −0.95 × 10−25 mm kgs−2. Kijowski’s
distribution shows no interference fringes, while the quantum flux cannot be applied
in this non-definite momentum sign regime. Both (a) and (b) require a temporal
resolution of 0.1 s, which approximately corresponds to a detector size of 50µm.
Figure adapted from [6].

detections) represent a sufficient amount of data to discriminate between Kijowski’s
and the quantum clock distributions.

Photonic platforms represent a potential alternative to Bose-Einstein condensates;
however, they pose further challenges. Mass is responsible for the spreading mecha-
nism, which leads to numerical discriminability. Spreading can be optically achieved
by letting the packets propagating in a dispersive medium or in a waveguide that
supports transverse standing modes. This leads to a trade-off between numerical
discriminability and technological constraints in detector resolution, which may re-
sult in a lower visibility.

7.5 Discussion

In this chapter, we reviewed some of the theories that deal with the quantum ar-
rival time problem. We compared Kijowski’s, the quantum flux and the quantum
clock proposals, using different superpositions of Gaussian wave packets in multiple
regimes. Our discussion is not limited to predicting a specific experimental result,
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nor it specializes to any particular model of particle detection: it highlights those
regimes in which different theoretical approaches lead to contradicting predictions,
by analysing the distribution of times at which the particle occupies a certain po-
sition, i.e. where the detector should be placed. Although inequivalent, Kijowski’s
and the quantum flux distributions behave in a similar way, except when the quan-
tum backflow contributions are not negligible. Instead, the quantum clock distribu-
tion produces significantly different results, particularly in the counterpropagating
regime. In this case, Kijowski’s distribution predicts no interference fringes, while
the quantum clock yields exactly the same pattern that occurs for two overtaking
packets. This symmetry is not reproduced by Kijowski’s proposal, while it cannot be
observed in the quantum flux. Ultimately, different proposals would give conflicting
predictions if they corresponded to different measurement protocols or arrival time
definitions. This possibility will be investigated in future research. Such differences
can be tested in the laboratory. Finally, we discussed this possibility for an experimen-
tal implementation that combines interferometry for Bose-Einstein condensate with
Bragg diffraction. This design is capable of experimentally discriminating Kijowski’s
and quantum flux distribution from the quantum clock. It also provides a useful test
for the symmetry possessed by the latter, since it allows to compare the overtaking
and the counterpropagating regimes, for two packets with the same absolute value
of initial position and momentum.



CONCLUSIONS AND FUTURE
DEVELOPMENTS

Not quite. There’s room for a little more.

Frodo Baggins, The Return of The King
in Peter Jackson’s Adaptation

IN THIS THESIS, we presented the main results that appeared in [1–6], which pri-
marily concerned the topics of quantum imaging and image processing, quantum
channels and tomography, as well as quantum phase and time measurements.

In Part I, we presented a hardware encoder that, at the output of an imaging ap-
paratus, maps the light intensity at each point on the image plane to the probability
amplitude of the corresponding qubit of being excited by a single-photon interac-
tion [1]. This setup can perform amplitude encoding of optical spatial information
into a multiqubit quantum register. Then, we introduced a quantum algorithm that
can downsample the spatial information stored in a multiqubit state [1], obtained
using the previous hardware encoder or by direct state preparation. Using the quan-
tum Fourier transform, the algorithm discards the high spatial-frequency components
of the input image, reducing the number of encoding qubits without altering the
overall input pattern. Although image reconstruction can severely affect the overall
complexity, the algorithm displays an advantage over classical, interpolation-based,
implementations. Finally, we considered the task of image classification [2]. Using
the Hong-Ou-Mandel effect, we designed an interferometric scheme that can classify
images without direct image reconstruction, using the amplitude information stored
in a single-photon state. Such an apparatus can be trained in recognizing any cate-
gory of images, since its response function matches that of a classical artificial neu-
ron, over which it provides a superexponential speedup. There are multiple future
developments concerning this research. On the hardware side, multiple entangled
sensors could be combined in a single image acquisition, which could potentially
operate below the Rayleigh bound. The downsampling algorithm can be general-
ized to the multidimensional case, by separately treating each axis of the input data,
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or inverted, providing a quantum upsampling algorithm to increase the resolution
of an input image. Such generalizations are the object of [7]. Different encoding
scheme could be considered, bypassing the amplitude-based one in favour of deter-
ministic approaches, protecting the advantage from the cost of image reconstruction.
Concerning the Hong-Ou-Mandel classifier, further research will be primarily concen-
trated on adapting the interferometric scheme to multiple neurons, combined into a
quantum optical neural network.

In Part II, we considered the problem of characterizing and mitigating multiqubit
noisy processes. Focusing on the Pauli transfer matrix representation of a channel,
we introduced a tomographic reconstruction technique which can directly estimate
the channel components from the experimental data [3]. For single matrix element
extractions, such method requires at most two experimental configurations, indepen-
dently of the number of qubits and of experimental repetitions, providing an expo-
nential speedup over standard quantum process tomography. Then, we discussed
a deconvolution technique for obtaining the noiseless expectation values of observ-
ables, by post-processing the data obtained through noisy measurements [4]. This
protocol can be combined with the characterization one, taking the deconvolution
from a selective knowledge of the channel. For Pauli channels, this provides at least
a quadratic speedup over standard tomographic methods. Further generalizations
can be considered, which are expected to retain their advantage even in the case
of quantum systems with arbitrary dimension, e.g. qudits. Besides the advantage
in terms of tomographic resources, possible statistical speedup could be considered,
combining the above techniques with shadow tomography.

In Part III, we discuss the estimation of quantities that are not associated to observ-
ables in quantum mechanics, e.g. phase and time. First, we considered the problem
of estimating an unknown phase at arbitrary uncertainty. We introduced an inter-
ferometric setup, whose response function approximates a square wave [5]. This
translates the estimation problem into a binary search task, which provides a global
estimation strategy that can reach the Heisenberg bound without the use of entangle-
ment and independently of the amount of statistics collected at the output. Then, we
consider the task of measuring the time at which a particle reaches a detector, i.e. the
arrival time problem. We compared the proposals that tried to solve this issue [6], by
either using quantum-mechanical techniques or by extending the standard quantum
theory. We explored multiple regimes in which such proposals provide conflicting
and inequivalent predictions, both from a qualitative and quantitative point of view.
Finally, we analysed a potential experimental implementation, using a Bose-Einstein
condensate trapped in an accelerator ring.
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